A Level Further Maths transition pack

You should complete the A level Maths transition pack. In addition to that taking Further
Maths will require additional problem solving skills and an appreciation of number and
algebra. The UK Maths Trust Senior Maths challenge is a rich source of interesting maths
problems aimed at students in year 13 and below.

Have a go at these two past maths challenge papers — your are not expected to be able
to answer every question!

More papers can be found at the UKMT website https://ukmt.org.uk/senior-
challenges/senior-mathematical-challenge
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. The use of blank paper for rough working is allowed; squared paper, calculators and

measuring instruments are forbidden.
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E, on the Answer Sheet for each question. Do not mark more than one option.
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have been arranged in approximate order of difficulty with the harder questions towards the
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[ 2023
: T 9
1. What is the value of 7103253

A 13 B 15 C 17 D 19 E 21

2. What is the difference between one-third and 0.333?
3 1 3 1

A0 B — C —— D —— E ——
1000 3000 10000 30000

3. The base of a triangle is increased by 20% and its height is decreased by 15%.
What happens to its area?
A It decreases by 3% B It remains the same C It decreases by 2%
D It increases by 2% E It increases by 5%
4. In 2016, the world record for completing a 5000m three-legged race was 19 minutes and 6 seconds. It
was set by Damian Thacker and Luke Symonds in Sheffield.
What was their approximate average speed in km/h?
A 10 B 12 C 15 D 18 E 25

S. Three circles with radii 2, 3 and 3 touch each other, as shown in the diagram.
What is the area of the triangle formed by joining the centres of these circles?

A 10 B 12 C 14 D 16 E 18

6. How many lines of three adjacent cells can be chosen from this grid, horizontally,

vertically or diagonally, such that the sum of the numbers in the three cells is a ! 314
multiple of three? 51617
A 30 B 24 C 18 D 12 E 6 9110|1112
13(14|15|16
7. A sequence begins 2023, 2022, 1, .... After the first two terms, each term is the positive difference
between the previous two terms.
What is the value of the 25™ term?
A 2010 B 2009 C 2008 D 2007 E 2006
8. What is the value of 99(0.49 — 0.4)?
AS B 4 C3 D2 E 1
9. When completed correctly, the cross
. . . 1 % |2
number is filled with four three-digit ACross Down
numbers. 1. A square 1. Twice a fifth power
What digit is *? 3. A fourth power 2.A cube 3
A0 B1 C2
D 4 E 6
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10.

11.

12.

13.

14.

15.

16.

17.

How many of the numbers 6, 7, 8, 9, 10 are factors of the sum 22024 4 22023 4 220229

Al B2 C3 D 4 ES

Wenlu, Xander, Yasser and Zoe make the following statements:
Wenlu: “Xander is lying.” Xander: “ Yasser is lying.”
Yasser: ‘“Zoe is telling the truth.” Zoe: “Wenlu is telling the truth.”
What are the possible numbers of people telling the truth?
A lor2 B lor3 C2 D 2or3 E 3

The greatest power of 7 which is a factor of 50! is 7% (n! = 1x2x3x4x...x (n—1) X n).
What is k?
A4 BS5 C6 D7 E 8

PQRST is aregular pentagon. The point U lies on ST such that ZQ PU is a right angle.
What is the ratio of the interior angles in triangle PUT?

Al1:3:6 Bl1:2:4 C2:3:4 D1:4:8 E1:3:5
The points P (d,—d) and Q (12 — d, 2d — 6) both lie on the circumference of the same circle whose
centre is the origin.

What is the sum of the two possible values of d?
A —-16 B -4 C4 D 8 E 16

In Bethany’s class of 30 students, twice as many people played basketball as played football. Twice as
many played football as played neither.

Which of the following options could have been the number of people who played both?
A 19 B 14 Co D5 EO

G and H are midpoints of two adjacent edges of a cube. A trapezium-shaped
cross-section is formed cutting through G, H and two further vertices, as
shown. The edge-length of the cube is 2V?2.

What is the area of the trapezium?

A9 B 8 C 4V5 D 443 E 42

G H

The number M = 124563987 is the smallest number which uses all the non-zero digits once each and
which has the property that none of the pairs of its consecutive digits makes a prime number. For
example, the Sth and 6th digits of M make the number 63 which is not prime. N is the largest number
which uses all the non-zero digits once each and which has the property that none of the pairs of its
consecutive digits makes a prime number.

What are the 5th and 6th digits of N?
A 6and3 B Sand 4 C 5and?2 D 4 and 8 E 3and 5
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18.

19.

20.

21.

22.

23.

24.

25.

How many solutions are there of the equation 1+2 sin X —4 sin? X —8sin® X = 0 with 0° < X < 360°?
Al B2 C4 D6 E 8

The expression 7nn-:-12 takes integer values for certain integer values of n.

What is the sum of all such integer values of the expression?
A4 B 8 C 10 D 12 E 14

Triangle LM N represents a right-angled field with LM =r, LX = p and M

XN = g. Jenny and Vicky walk at the same speed in opposite directions

along the edge of the field, starting at X at the same time. Their first meeting r &
isat M.

Which of these expressions gives g in terms of p and r?

p 4 pr P
A =+ B vVp2+r2+= C D = E 1
27 prrrTy 2p+r 2
Triangle POR is equilateral. A semicircle with centre O is drawn with its P
diameter on PR so that one end is at P and the curved edge touches QR at X.
The radius of the semicircle is V3. [0
What is the length of Q X?
A V3 B2-v3 C2V3-1 DI1+V3 E2V3 0 X R

Which diagram could be a sketch of the curve y = sin(cos™! x)?

Ay By C Dy E- oy
The length of a rectangular piece of paper is three times its width. The paper is folded so that one
vertex lies on top of the opposite vertex, thus forming a pentagonal shape.

What is the area of the pentagon as a fraction of the area of the original rectangle?

A2 g 1l 2 b 13 g 1
3 16 17 18 19

A square has its vertices on the edges of a regular hexagon. Two of the edges of —

the square are parallel to two edges of the hexagon, as shown in the diagram.

The sides of the hexagon have length 1.

What is the length of the sides of the square?

5 4 3 ——
A - B 3-+v3 C - D v2 E =
4 V3 3 V2 2
What is the area of the part of the xy-plane within which x3y? — x2y? —xy*+xy> > 0and 0 < x < y?
1 1
A - B - Cl1 D2 E 4
4 2
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For reasons of space, these solutions are necessarily brief.

There are more in-depth, extended solutions available on the UKMT website,
which include some exercises for further investigation.

There is also a version of this document available on the UKMT website
which includes each of the questions alongside its solution:

www.ukmt.org.uk

2023 2023
The prime factorisation of 2023 is 7 X 17 X 17 so \/ = = V17 =17.
2+0+2+3 7

) ) o1 333 3 1000—999_ 1
The difference between one third and 0.333 is 5 — 1000 — 3000 = 3000°

The new area = the old area x1.2 X 0.85 = the old area x1.02. This represents a 2% increase.

The world record of 5000 m in 19 minutes and 6 seconds =~ 5000 m in 20 minutes = 15000 m in
60 minutes = 15000 m in an hour = 15 km/h.

The triangle formed by joining the centres of the circles is isosceles, so
splitting it along its line of symmetry gives us two right-angled triangles
each with a base of 3 and a hypotenuse of 5. Using Pythagoras’ Theorem
the perpendicular height is 4. The area of the whole triangle is then
FX6x4=12.

The sum of any three integers in arithmetic progression is a multiple of 3. For proof of this,
if we let the smallest integer be a and the common difference of the sequence be d, then
a+(a+d)+ (a+2d) =3a+3d =3(a+d). As aresult of the way the grid is filled, all the
horizontal, vertical and diagonal lines contain numbers which are in arithmetic progression.
Horizontally there are 2 lines of three cells in each of the 4 rows. Here d = 1. Vertically, there
are again 2 lines in each of the 4 columns. Here d = 4. On the diagonals with positive gradient,
there are 4 lines, with d = —3. On the diagonals with negative gradient there are four lines with
d = 5. This is a total of 8 + 8 + 4 + 4 = 24 lines.

The sequence begins 2023, 2022, 1, 2021, 2020, 1, 2019, 2018, 1 ... . Let the k’" term be u.

Now consider the sequence u1, u4, u7, ... , which starts 2023, 2021, 2019, ... . Here the terms
decrease by two each time. Since 25 =1+ 8 X 3, ups =u; — 8 x2 =2023 - 16 = 2007.
.. . 49 4 49 44 49 — 44 5
The val f 49-04) = — ——| = — - —| = — | = — =13.
e value of 99(0.49 — 0.4) 99(99 9) 99(99 99) 99( 39 ) 99 x 99 5



10.

11.

12.

13.

14.

15.

16.

For 1 Down, 2 X 2° = 64 is too small and 2 x 4> = 2048 is too big and therefore we must have
2 x 3% = 486. 3 Across must then start with a 6 and is therefore 5% = 625. 2 Down must then
end in a 5 and is therefore 5° = 125. 1 Across is then 4 * 1. The only square of this form is
212 = 441, s0 * is a 4.

The sum 220%* 4+ 22023 4 22022 cap be factorised to 229%2(22 + 2! + 1) = 22022 x 7. Hence, of the
numbers listed, only 7 and 8 = 23 are factors of 22022,

Each of the four people is either telling the truth or lying. Assume first that Wenlu is telling the
truth, then Xander is lying, which implies that Yasser is telling the truth which finally implies that
Zoe is also telling the truth. In this case 3 people tell the truth. Now assume that Wenlu is lying.
Therefore Xander is telling the truth that Yasser is lying and finally Zoe is also lying. In this case
only 1 person tells the truth. In both cases, all four statements are consistent with each other.

Asn!=1x2x3x4x...x(n-1)Xn, factors of 50! which contain a factor of 7 are 7, 14, 21,
28, 35, 42 and 49. The first six of these each contribute a single factor of 7 and 49 contributes
two. The greatest power of 7 which is a factor of 50! is then 7%, so k = 8.

The interior angles of a regular pentagon are 180° — @ = 108°.
As Z/QPU is aright angle, ZUPT = 108° — 90° = 18°. As angles
in a triangle sum to 180°, ZPUT = 180° — (108° + 18°) = 54°. T
Therefore /TPU : tPUT : tUTP =18:54:108=1:3:6.

P 18° 108°

0 54 U

The equation of the circle is x> + y> = 2. At Q, (12 - d)?> + (2d - 6)> = r>. At P,
d’> + (=d)? = r?, so 2d* = r?. Expanding the first equation and subtracting the second gives
144 — 24d + d?* + 4d?> — 24d + 36 — 2d* = 0, which simplifies to 3d> — 48d + 180 = 0. Dividing
by 3 and factorising gives (d — 6)(d — 10) = 0. Therefore d = 6 or d = 10 and the sum of these
values is 16.

Let the number of people who play both basketball and football be
x and the number who play neither be n. A Venn diagram can then B 3
be filled as shown. As there are 30 students, 7n — x = 30. Asx > 0,

7n—30 > 0 and so n > 5. From the Venn diagram it can be seen that

2n —x > 0, therefore 2n — (7n —30) > 0son < 6. Son=50r6
and the corresponding values of x are 5 or 12. The only one of these
in the listed options is x = 5.

To find the area of the trapezium, we require lengths of GH, UW and
the perpendicular distance between them, A, say. In triangle PGH,

PG = PH = \/5 therefore GH = \/ \52 + \/52 =2.

Triangle VUW is an enlargement of triangle PG H with scale factor
2, s0 UW = 4. In order to find & we must first find length GU. In

triangle QUG, UG = \/(2\/5)2 +v2° = V0.

From the triangular end of the trapezium, it follows that 12+ 42 = \/EZ
therefore & = 3. The area of the trapezium = % X(4+2)x3=09.




17.

18.

19.

20.

21.

22,

In order to get the largest number, N, we need to make its earlier digits as large as possible,
starting 9876 ... as far as this works. However, since 53, 43, 23 and 13 are all prime, the digit 3
must precede all of 5, 4, 2 and 1. So the latest 3 can come is immediately after 6. Thereafter
there are no reasons not to follow numerical order, making N = 987635421. Its 5/ and 6" digits
are 3 and 5.

The equation 1 + 2sin X — 4sin?> X — 8sin® X = 0 factorises
to give (1 + 2sin X) — 4sin” X(1 + 2sin X) = 0 and then to
(1 +2sinX)(1 —4sin”>X) = 0. Fully factorised, we have
(1+2sinX)(1+2sinX)(1-2sinX) =0. SosinX = —% or
sin X = % For 0° < X < 360°, there are then four solutions as
shown in the diagram.

Th . Tn+12  4(2n+3) n n
€ expression = — = _
P Mm+3 . 2n+3  2n+3 m+3

n
values precisely when is an integer.
2n+3

. The first expression takes integer

Consider first n > 0. When n > 0, 2n + 3 > n, therefore 7 "

n < 1 so no integer values of the
n

expression are possible.
0

n —
, "2n+3 0+3
When n < 0, in order to form an integer, we require n < 2n + 3, therefore n > 3.

Next, consider n = 0. In this case,

= 0 which is an integer.

Possible values of n are then n = —1, —2 and —3. The values of in these cases are

-1 -2 -3
———— =-1, ————— =2 and ——————— = 1. Therefore th f the int
% (—1)+3 R TEE an 3% (3)+3 erefore the sum of the integer
values of the initial expressionis (4 —0)+ (4-(-1))+(4-2)+(4-1) = 14.

n+

Using Pythagoras’ Theorem, NM = +/(p + gq)* + r? so the two journeys have lengths p + r and
g ++/(p +q)* +r2. Equating and rearranging, p +r — g = \(p +¢)2 +r2and so (p +r —q)* =
(p + @)% + r>. Expanding leads to p? +2pr — 2pq + r> = 2qr + ¢*> = p> + 2pq + ¢> + r*> and
therefore 2pr — 2qr = 4pq. Rearranging to give ¢ in terms of p and r, pr = q(2p +r) so

__pr

1= 2p+r

As the semicircle touches QR at X, the radius OX and tangent QR p

are perpendicular as shown. Triangle OXR is a 30°, 90°, 60° triangle \3

and OX is given as V3. Therefore XR = 1 and OR = 2. As OP is 0

also a radius of the circle, OP = V3 and PR = QR = 2 + V3. The 30°

length 0X = (2+V3) - 1=1+3. V3 \2 o
0 X R

Let z = (cos~! x). Then x = cos z and y = sin z and therefore x> + y? = 1. As z lies between 0°
and 180°, x lies between —1 and 1 and y lies between O and 1. Hence we get the upper semicircle
shown on the graph in option C.



23.

24.

25.

In the first diagram shown, the paper is to be folded so that the bottom

left vertex will lie on top of the top right vertex in order to form the - * 4
desired pentagon. The fold line, shown dotted, must therefore lie on 1 \

the perpendicular bisector of the line joining the bottom left and top n
right vertices and so pass through the centre of the rectangle. y X
Labelling the longest sides of the rectangle with x and y,

x+y=3. (1)

From the folded diagram, we have two right-angled triangles and in
each, 1 + x> = y2. Rearranging and factorising gives

I=(y+x)(y—x). (2)
Substituting (1) into (2) gives 1 = 3(y — x) and so
% =y-—x. (3)

Solving (1) and (3) leads to y = % and x = %. The area of the pentagon = 1 X 3 — the shaded area.

As the shaded area can be viewed as a triangle with base y and therefore perpendicular height 1,
theareaofthepentagon:3—%ny 1 :3—%><%>< 1= %.

13
< 13
The area of the pentagon as a fraction of the area of the original rectangle is % BETS
Let the square have side-length 2y. |
) : o1 —=f
The two triangles shown, with hypotenuses p and ¢, have angles q} : :
30°, 60° and 90°. As the hexagon has side-length 1, _ _>|
p+q=1. ) T
From the larger triangle and from the top left of the square, P y
V3p / JL |
y=——  and y=34+5. 2) XL o S A :
Equating the two equations in (2) and rearranging gives V3p — ¢ = 1. 3)

Solving (1) and (3) simultaneously gives (\/3 +1)p =2.
Rearranging and rationalising leads to

__ 2 («/§—1)=
P (V3+1)(V3-1)

Therefore, the length of the side of the square 2y = V3(V3 — 1) =3 — V3.

V3-1.

Factorising x> y? —x%y?—xy*+xy> > 0 gives xy?(x>—x—y%+y) > 0.
Rearranging to xy?(y —x — (y*> —x?)) > 0 and then factorising gives
xy?(y —=x)(1 =y —=x) > 0. As 0 < x < y, we know that x > 0,
y> > 0 and (y — x) > 0 so the fourth factor, (1 — y — x) > 0. This
rearranges to y < 1 —x. The lines y = x and y = 1 — x meet at (%, %

so the shaded region has area % X 1x % = %.
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2Z2-DxF-Dx@-Dx(P-D . . . .
lified, which of the foll
2x3) X BxA) x (4x5) x (5x6) - HPHHES WAIE 0T Te ToTOWIRE

1. When the expression

is obtained?

1 1 1 1 1
2. What is the smallest prime which is the sum of five different primes?
A 39 B 41 C 43 D 47 E 53
3. The figure shows a regular hexagon.
How many parallelograms are there in the figure?
A2 B 4 C6 D 8
E more than 8
4. The diagram shows two symmetrically placed squares with sides of length 2 and 5.
What is the ratio of the area of the small square to that of the shaded region?
A T7:24 B1:3 C 8:25 D 8:21 E2:5
1 I 1 1 1
S. Whatis the valueof — + —+ -+ — + — 7
s eV T T T T T 1 T 10
A 29 B 2.99 C3 D 3.01 E 3.1
800
6. What is the value of W?
A 5 B o C1 D 2200 E 2400

7. In 2021, a first class postage stamp cost 85p and a second class postage stamp cost 66p. In order
to spend an exact number of pounds and to buy at least one of each type, what is the smallest total
number of stamps that should be purchased?

A 10 B 8 c7 D5 E 2

8. In the diagram, the outer hexagon is regular and has an area of 216.
What is the shaded area?
A 108 B 96 C 90 D 84 E 72

9. A light-nanosecond is the distance that a photon can travel at the speed of light in one billionth of a
second. The speed of light is 3 x 10® ms~!.

How far is a light-nanosecond?

A 3cm B 30cm C 3m D 30m E 300 m
1 +2x + 3x?
10. What is the value of x in the equation STAATH 39
3+ 2x +x2
A -5 B -4 C -3 D -2 E -1
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11.

12.

13.

14.

15.

16.

17.

18.

In the number triangle shown, each disc is to be filled with a positive integer.
Each disc in the top or middle row contains the number which is the product
of the two numbers immediately below.

What is the value of n?

Al B 2 C3 D6 E 33

What is the sum of the digits of the integer which is equal to 6666666 — 33333332 ?
A 27 B 36 C 45 D 54 E 63

Three rugs have a combined area of 90 m?. When they are laid down to cover completely a floor of
area 60 m?, the area which is covered by exactly two layers of rug is 12 m?.

What is the area of floor covered by exactly three layers of rug?
A 2m? B 6m’ C 9m? D 10m? E 12m?

The diagram shows a square, KLM N. A second square PQRS is drawn
inside it, as shown in the diagram, where P divides the side KL in the
ratio 1 : 2. Similarly, a third square TUVW is drawn inside POQRS with
T dividing PQ in the ratio 1 : 2.

What fraction of the area of KLM N is shaded?

25 16 4 40

A — B — C - D — E
81 49 9 81

Wl

The hare and the tortoise had a race over 100 m, in which both maintained constant speeds. When the
hare reached the finish line, it was 75 m in front of the tortoise. The hare immediately turned around
and ran back towards the start line.

How far from the finish line did the hare and the tortoise meet?

A 54 B 60 C 64 D 663 E 72

Which diagram could be a sketch of the curve vx ++/y = 1?

Ay By Cy Dy Ey
D‘x ‘Lx ‘B‘x ‘4}6 &‘x
The shape shown is made by removing four equilateral triangles with side-length
1 from a regular octagon with side-length 1.
What is the area of the shape?
A2-2V2+43 B 2+2V2-13 C 2+2V2+V3
D 3-2V2-V3 E2-2V2-3
The numbers x and y are such that 3* + 3*! = 5/3 and 3**! + 3¥ = 3V3.
What is the value of 3* + 377
A V3 B 2V3 C 3V3 D 43 E 5V3
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19.

20.

21.

22.

23.

24.

25.

How many pairs of real numbers (x,y) satisfy the simultaneous equations x> — y = 2022 and
y? —x =20227

A infinitely many B 1 C2 D 3

E 4

A square is inscribed inside a quadrant of a circle. The circle has radius 10.

What is the area of the square?
A 25V2 B 36 C 12x D 40 E 302

The perimeter of a logo is created from two vertical straight edges, two small
semicircles with horizontal diameters and two large semicircles. Both of the
straight edges and the diameters of the small semicircles have length 2. The logo
has rotational symmetry as shown.

What is the shaded area?
A 4 B4-nrx C 8 D 4+n E 12

How many pairs of integers (x, y) satisfy the equation ~ Vx — Vx +23 =2V2 -y ?

A0 B 1 C4 D 8
E infinitely many

Three squares GOQOP, HINO and RKM N have vertices which ]
sit on the sides of triangle F/L as shown. The squares have

areas of 10, 90 and 40 respectively. H J K
What is the area of triangle F/L? G 0 90 R 10
21 21 10
A 220.5 B 2V10 C 252 D 2Vio o T ;

E 441

The numbers x, y, p and g are all integers. x and y are variable and p and g are constant and positive.
The four integers are related by the equation xy = px + gy.

When y takes its maximum possible value, which expression is equal to y — x?

A pg-1 B (p-1(g-1) C((p+(g-1 D (p-1D(g+1)
E (p+1)(g+1)

A drinks carton is formed by arranging four congruent triangles as
shown. QP = RS =4cmand PR=PS=QR =05 =10cm.

What is the volume, in ¢m?3, of the carton?
A%z BiV2 cZve DLV3 Eve
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3x8x15x%x24
(2%x3)x (3x4)x (4%x5)x(5%x6)

The expression simplifies to Cancelling common factors

e
gives =.

For the sum of five different primes to be prime, each of those five primes must be odd, Listing
the primes starting with 3, 5,7, 11, 13, 17, 19, .. . and working systematically through possible
sums gives a smallest sum of 3+5+7 + 11 + 13 = 39 which is not prime. However, the next
smallest sum 3 +5 + 7+ 11 + 17 = 43 which is prime as required.

Each of the possible parallelograms is formed from two adjacent equilateral
triangles: P and Q, Q and R, Rand S, S and 7', T and U and finally U and P. AVA
Therefore there are six possible parallelograms. vv

The area of the small square is 2 X2 = 4. The area of the shaded region is then % X5X5— % X2X2
54— 2—21 Therefore the ratio of the area of the small square to the area of the shaded region is
=8:2I.

Ea |
ST

Rewriting the calculation as % + Q + % + 1]—1 + ﬁ shows that we can reorder the sum to give

101 11 1 _
01 + i + 1= 3.
4800 (22)800 21600

using a base of 2 gives = 2400

Rewriting using rules of indices.

8400 (23)400 ~ 21200

Consider first the units digits of 85 and 66. Multiples of 5 can only end in 5 or 0. No multiples
of 6, an even number, can end in 5. So in order that the units digit of our sum can be 0, each of
the multiples of 85 and 66 must individually have units digits of 0. The smallest multiples of 85
and 66 with this property, 2 X 85 = 170 and 5 x 66 = 330, have sum 500. So 7 is the smallest
number of stamps and they cost £5.



10.

11.

12.

13.

14.

15.

16.

By drawing extra lines from the centre of the outer hexagon to each of its
vertices and from the centre to the midpoint of each edge of the outer hexagon,
12 in total, the diagram can be shown to be made of 36 congruent triangles
each with angles 30°, 60° and 90°. Twelve of these triangles are shaded
giving a shaded area of % X216 =72.

distance

Using speed =

d
gives 3 x 108 = ——. Therefore d =3 x 107" m = 0.3m = 30cm.
ime 102

Rearranging the equation gives 1 + 2x + 3x> = 9 + 6x + 3x% so 1 + 2x = 9 + 6x and 4x = —8.
Therefore x = —2.

When expressed as the product of its prime factors, 2022 = 2 x 3 x 337. However, the integer n
must be a factor of each integer in the middle row and so 1n> must be a factor of their product
2022. Therefore n = 1.

Using the difference of two squares, the calculation we are given can be written in the form
66666667 — 33333332 = (6666666 + 3333333) (6666666 — 3333333) = 9999999 x 3333333 =
10000000 x 3333333 — 1 x 3333333 = 33333330000000 — 3333333 = 33333326666667. The
sum of the digits of this integer is 63.

Let the area of floor covered by exactly one rug be a, the area of floor covered by exactly two
rugs be b and the area of floor covered by three rugs be ¢. Therefore, a + 2b + 3¢ = 90 and
a + b + ¢ = 60. Subtracting the second equation from the first leaves b + 2¢ = 30 and using
b =12 givesc =09.

Let KL be 3 units long. Then KP =1, PL =2 and area KLMN =

K 1P 2 L
3x3 = 9. Removing four right-angled triangles congruent to PLQ ' T
from square KLM N gives area PORS = 9—4x 1 X 1x2 = 5.The Q\/_}\LI 1
area of PORS is % of the area of KLM N. By the same reasoning \ Q

the area of TUVW is % of the area of PORS.

Combining these proportions gives the shaded area as % X % = % of the area of KLMN.

When the hare and tortoise are moving in the same direction, the hare completes 100 m while the
tortoise completes 25 m. After the hare reverses direction and the hare and tortoise are moving
towards one another, the hare is still moving four times as fast.

0 25mM 100m

Therefore the meeting point, M, is % of 75 m = 60 m away from the finish line.

As x and y are interchangeable in the equation, the graph must be symmetric about the line y = x.
This excludes options C and D. Substituting x = 0 and x = 1 into the equation shows that the
graph crosses the axes at (0, 1) and (1, 0). Note that in option E the line x + y = 1 meets y = x
at (%, %) whereas our curve meets y = x at (%, %) and must therefore lie below the straight line
shown in option E. The only possible option then is B.



17.

18.

19.

20.

21.

We enclose the regular octagon within a square as shown. Since
the side-length of the octagon is 1, the right-angled isosceles

triangles in the corners have two short sides of length g and

so the square has side-length 1 + V2. Each of the right-angled

g X % = %. Each of the equilateral triangles

which were removed has base 1 and so height % The shaded
area can be obtained as the area of the square minus that of the
four isosceles corners and the four equilateral triangles; that is

triangles has area % X

(1+V2)2—4xtaxix B o340V 1-V3=242V2-3.

V2

2

V2 V2
2 1 2
1 1
2 2

Na

Let 3* = X and 3 = Y. The two equations can then be written as X +3Y = 5V3 and 3X +Y = 3+/3.
Subtracting three lots of the second equation from the first gives —8X = —4V3 so X = %
Subtracting three lots of the first equation from the second gives —8Y = —12V3so Y = % The

valueof 3 +37 = X +Y = % + % = 2+/3. Alternatively, we could add the two equations giving
4X +4Y = 8+/3. Dividing by 4, X +Y = 3* +3¥ = 2/3 without knowing the value of either 3* or

3Y individually.

The first equation can be rearranged to the form y = x> — 2022 which
is a translation of y = x> down 2022 units. The second equation is
a reflection of the first, in the line y = x. There are four points of

intersection of these two parabolas.

Let O be the centre of the circle, M and N be the midpoints of
two sides of the square and V and P be vertices of two sides of
the square as shown. Line ONM is a line of symmetry. Let
ON = x. Therefore NP = x as ON and NP are sides of the
right-angled isosceles triangle ONP. Also, PV = MN = 2x.
Consider right-angled triangle OV M. The radius of the circle is
given as 10, therefore (3x)? +x% = 10? so 10x? = 100 and x> = 10.
Hence the area of the square is (2x)? = 4x? = 4 x 10 = 40.

//
//
- X

%
7/
’
/
7/
z
/

Half the diagram is shown here. In it, the shaded area equals the area
of a right-angled isosceles triangle of side-length 2 plus the area of a
large semicircle minus the area of a small semicircle of radius 1. Using
Pythagoras’ Theorem, the diameter of the large semicircle has length 2V2
and so the radius is V2. Therefore the shaded area of the full diagram is

2 x2x2+iax (V2)2 - inx 1’| =2Q2+n-L1n) =4 +n.

0
YN

N

E2x

x M

v

2

1 1



22.

23.

24.

25.

Squaring both sides of the equation gives x — Vx + 23 = 8 — 4V2y + y? which can be rearranged
to Vx +23 = (x — 8 — y) +4V2y [1]. Squaring equation [1] gives x +23 = (x — 8 — y?)2 +
2(4V2y)(x — 8 — y2) + 32y% [2]. We are given that both x and y are integers and so the surd
component, 2(4V2y)(x — 8 — y?), must equal 0. Therefore either y = 0 or (x — 8 — y2) = 0 [3].
Consider first the case y = 0. Here, equation [2] reduces to x + 23 = (x — 8)2. This expands to
x? = 17x +41 = 0 which has no integer solutions as its discriminant is (=17)%> —4 x 1 x 41 = 125,
which is not square. Secondly considering (x — 8 — y2) = 0 [3] reduces [1] to Vx + 23 = 412y
and therefore x + 23 = 32y2. Using [3] again gives x = 8 + y? and so 31 + y> = 32y2. Therefore
y%2 = 1. Hence y = +1 and in either case, x = 8 + 1 = 9. Because equations have been squared,
some solutions could be spurious. Substituting in the original equation, we see that (9, 1) is a
solution but (9, —1) is not. Hence there is just one solution.

The lengths of the sides of the three squares are V10, J

3v10 and 2V10 respectively. Therefore HQ = 2V10 H 7

and RJ = V10. In triangle GQH, the gradient of GH K

is % = 2. In triangle JRK, the gradient of JK is G Q90 R 40

—VI0 _ _71 Therefore lines FI (on which GH lies) and 10

2910 FP O N M L

IL (on which JK lies) are perpendicular.

All five right-angled triangles around the edge of the figure and triangle F/L itself are similar as
they contain the same angles. They all have sides in the ratio 1 : 2 : V5. To calculate the area of
triangle F'/L we need the length /L, as the area of FIL = % X IL X %IL. The length /L is made

of three sections: ]K:\/EX\B,KL:NK:ZX\/EXﬁandIJ:%xHJ:%x%/m.

Therefore IL = IJ + JK + KL = 6V2 + V50 + 2V/50 = 21V2. Hence the area of triangle
FIL =% x21V2 x 2V2 =220.5.

Rearranging xy = px+qy to make y the subject, gives xy —qy = px so V.o
y(x — g) = px and therefore y = xpqu which rearranges to y = p + ;%qq. :K
A sketch of the graph of this function for real values of x and y is shown. :
As x and y are both integers in this question, y takes its maximum value ———_p|- _i _______
when x — ¢ is as small as possible therefore x —g = 1 sox = g+ 1. The g X
|
l

expression y — x then becomes ? —-x=(p-Dx=(p-1)(g+1).

S M
V96 V96

5 <o

Let M be the midpoint of QP. The volume of the carton is % X base area of triangle PQS X
the perpendicular height from R to the plane containing PQOS. Triangle PQS is isosceles and
MS = V102 — 22 = V/96. So area of PQS = Ix4x V96 = 8V6. Consider isosceles triangle
MRS and let N be the midpoint of RS. MN = +/(V96)2 — 22 = V92, so with RS as the base,
area of MRS = % X 4 X V92 = 44/23. Now with MS as the base, area of MRS = % X MS X h.

Therefore 423 = % X V96 x hand h = %. Finally, the volume = % x 8V6 x % = 163,@.



