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Welcome to Maths at Scarborough Sixth Form College.

The aim of this pack is to aid your preparation for an Advanced Mathematics course and make the transition from
GCSE to AS level as smooth as possible. It contains GCSE Higher tier material that you should be confident with before
you begin your AS course. Given the situation with school closures, it is more important this year than ever that you
put the effort in and come prepared.

We want you to be successful and we will do all we can to be supportive but the hard work has to come from you. You
MUST work through this booklet over the summer and bring your completed booklet with you to enrolment. You will
be tested on what you have learned at the end of your first week in college.

If you would like further practice then there are further questions available for download from
https://ALevelMathsRevision.com/s6fprep or by scanning the QR code below.
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Please read ‘The Guide to Level 3 Mathematics courses’ on the next page, it will inform you about which maths course
would be most appropriate for you. A decision will need to be made about which course will best fit with your
intended career path and your other subjects.

Should you encounter any problems with the work you can email d.robinson@s6f.org.uk and we will get back to you
as soon as possible.

Good luck with the work. We hope you enjoy your summer break and we look forward to meeting you at enrolment.

The Maths Team

(Any queries please contact Dave Robinson Head of Mathematical Sciences. Email: d.robinson@s6f.org.uk)

Also, be sure to visit our facebook page to be kept up to date with anything maths related at the college:

www.facebook.com/S6FMaths



https://alevelmathsrevision.com/s6fprep
mailto:d.robinson@s6f.org.uk
mailto:d.robinson@s6f.org.uk
http://www.facebook.com/S6FMaths

A quide to Level 3 Maths Courses at S6F
A Level Mathematics (OCR)

Minimum entry requirement GCSE grade 6

This is the traditional advanced level mathematics course. It is particularly appropriate for mathematically able
students who show both interest and commitment. Algebraic competency is very important as much of the course
relies heavily on this skill. A high level at GCSE is not always an automatic indicator of this and even students achieving
grade 7 at GCSE may need to work especially hard to succeed.

The course is split into three distinct areas: Pure Maths, Statistics and Mechanics.

e  Pure Maths is the most abstract of the three areas. Pure Maths describes maths that is not necessarily applied
to real-life situations and need not be put into a context. To name but a few, Surds, Solving Quadratic
Equations, Calculus are all topics covered as part of Pure Maths.

e  Statistics is the branch of Maths that involves probability and data handling and is the type of Maths that lies
at the heart of how financial, economic and even political decisions are made. You can go barely anywhere in
the modern world without being faced with Statistical Maths in one form or another.

e Mechanics is the Maths behind Physics: you will learn about the laws that govern Forces and Energy, look in
more depth at Newton’s Laws of Motion and much more. To summarise, Mechanics is the Maths behind how
everything works and is at the forefront of technological innovation.

A Level Further Maths (OCR)

Minimum entry requirement GCSE grade 8

This can only be studied as a 2" Maths A-level alongside A Level Mathematics and is suitable only for those students
with a passion and flair for the subject. Further maths is available at both AS and A level as some students take up AS
Further Maths in their second year. Student choosing Further Maths will study the entire A-level Maths in their 1°
year and then the Further Maths content in their 2" year. Further maths is an excellent choice for those considering
Maths or related courses at university and it combines well with a wide range of subjects.

Further Maths looks in more detail at Statistics, Mechanics and Pure Maths.

Core Maths (AQA)

Minimum entry requirement GCSE grade 5

Core Maths is the new Level 3 AS level qualification for students who wish to develop their practical maths skills for
the real world, be it in work, study or everyday life. It can be taken alongside A Levels or Level 3 BTEC.

What you study is not purely theoretical or abstract; it can be applied on a day-to-day basis in work, study or life and
will include a financial maths element. It will also help with other A-level subjects — in particular with science,
geography, business studies, psychology and economics.

The skills developed in the study of mathematics are increasingly important in the workplace and in higher education;
studying Core Maths will help you keep up these essential skills. Most students who study maths after GCSE improve
their career choices and increase their earning potential.

Core Maths can’t be taken alongside A-level Maths or Further Maths but provides a valuable opportunity for those
students who want to continue Maths studies but don’t feel confident or have the required GCSE grade to study  A-
level Maths.




Introduction
Thank you for choosing to study Mathematics in the sixth form.

Over the course, you will study topics in Pure Maths, Mechanics and Statistics. If you have chosen
to study Further Mathematics as well as Maths then, you will study extra topics within these areas.

The Mathematics Department is committed to ensuring that you make good progress throughout
your A level course. In order that you make the best possible start to the course, we have prepared
this booklet. It is vital that you spend time working through the questions in this booklet over the
summer. You need to have a good knowledge of these topics before you commence your course in
September. You should have met all the topics before at GCSE. Work through what you need to
from each chapter, making sure that you understand the examples. Then tackle the exercise to ensure
you understand the topic thoroughly. The answers are at the back of the booklet. You will need to be
very organised so keep your work in a folder & mark any queries to ask at the beginning of term.

In the first or second week of term you will take a test to check how well you understand these
topics, so it is important that you have completed the booklet by then. A mock test is provided at the
back of this booklet.

Use this introduction to give you a good start to your Year 12 work that will help you to enjoy, and
benefit from, the course. The more effort you put in, right from the start, the better you will do.

Sources for further help are indicated throughout the booklet. All the topics can be found on
resources such as Corbett Maths or DrFrostMaths.
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Reading List

As a student who is choosing to study Mathematics at A Level, it is logical to assume that you have
an interest in the subject.

With that said, the following books may be of interest to you.

50 Mathematical Ideas You Really Need to Know (Tony Crilly)

Alex’s Adventures in Numberland (Alex Bellos)

Cabinet of Mathematical Curiosities (lan Stewart)

The Calculus Wars (Jason Socrates Bardi)

The Code Book (Simon Singh)

The Curious Incident of the Dog in the Night-time by Mark Haddon
How Many Socks Make a Pair?: Surprisingly Interesting Maths (Rob Eastway)
Hello World: How to be Human in the Age of the Machine (Hannah Fry)
Humble Pi: A Comedy of Maths Errors (Matt Parker)

The Life-Changing Magic of Numbers (Bobby Seagull)

The Num8er My5teries (Marcus du Sautoy)



1 Fractions

To add or subtract fractions, find the lowest common denominator of the two fractions and then
rewrite the fractions accordingly. Ensure that you simplify as far as possible.

Examples
2 3 8 9
372 12112 6 3 30 21
_17 775735 35
12
5
1> _9
12 35

When multiplying fractions, it is far more efficient to “cancel” first; this avoids trying to simplify
fractions with unnecessarily large numerators and/or denominators.
To multiply with fractions, simply multiply the numerators and denominators together.

Example

2 6 2 2

—X=—==X —

9 7 3 7
_4
21

To divide by a fraction, we simply multiply by the reciprocal of the second fraction (i.e. we “flip the
second fraction over”).

Example

2 10 2 9

—_— ==X —

3 9 3 10
_1.3
175
3
5



For addition and subtraction with mixed numbers, add (or subtract) the integer (whole number) parts
first and then work with the fractions.

Examples
21 ] _51 1 31 12_21 2
17°27°3%3 51374573
_51 2 _23 10
- 44'4 ~ 715 15
_53 2 7
- 4+4 715
55 =2 7
T 74 % 15
—61 —18
T4 15

To multiply and divide with mixed, convert the mixed numbers to improper fractions and then calculate
as normal.

21 31 9
—X3—=—
4 5 4
9

1

3

X
U'll-{>u1|;
N
N
NN
N

X —_
5
36 _21X1
5 275

=7

ul]| =
|

It should also be noted that in the study of A Level Mathematics, answers are preferred as improper
fractions rather than mixed numbers.

EXERCISE

1. 2 1 5 2 1 9 3 1
§+§ 2§+1Z 21X1§

2. 5 1 6 5 3 10 1
_—— — —_— —_— _X —
6 4 38+27 32 27

3 7 4 7 7 2 11. 3 2
8%5 787 4% >7 4%

4. 5 3 8 1 3 12 1 1
672 6 %1 37723



2 Algebra

2.1 Expanding Brackets
To remove a single bracket multiply every term in the bracket by the number or expression outside:

Examples

fag

1) 3(x +2y) =3x+06y

2) -2(2x - 3) = (-2)(2x) + (-2)(-3)
=-4x+6

To expand two brackets multiply everything in the first bracket by everything in the second bracket.
You may have used

* the smiley face method

* FOIL (First Outside Inside Last)

* using a grid.

Examples:
1) (x+1x+2) =x(x+2)+1(x+2)

or
(X+1)(X+2) =x2+2+2X+X
%‘/ =X+ 3x +2
or
1 (X+1)(X+2) =x2 +2X+X+2
X | X | X =% + 3 +2
2 2X 2

2) (x-2)(2x + 3) =x(2x + 3) - 2(2x +3)
=2x+3x—4x-6
=2x* - x—6

or
K7§2x+3) 2X2—6+3Xx—4Xx=2x*-x—6

or
X 2 (2x +3)(x-2) =2x* +3x-4x-6
2x | 2x* | -4x =2x*-x-6
3 3X -6




EXERCISE A Multiply out the following brackets and simplify.

1. 7(4x+5) 7. (xX+2)(x+3)

2. -3(5x-7) 8. (t-5)(t-2)

3. ba—4(3a-1) 9. (2x + 3y)(3x —4y)
4. 4y +y(2 + 3y) 10. 4(x - 2)(x + 3)

5 -3x—(x+4) 11. (2y - 1)(2y + 1)

6. 5(2x-1)-(3x-4) 12. (3 +5x)(4 —X)

Two Special Cases

Perfect Square: Difference of two squares:
x+a)=x+a)x+a)=x?+2ax +a? (x+a)(x—a) =x?>—-a?
2x—3)>=02x—-3)(2x —3) =4x*>—-12x+9 (2x+3)(2x—3) =4x%2-9
EXERCISE B Expand the following

1. (x - 1)? 4, (x +2)(x - 2)

2. (3x + 5)? 5. (3x + 1)(3x - 1)

3. (7x - 2)? 6. (5y - 3)(5y + 3



2.2 Linear Equations

When solving an equation whatever you do to one side must also be done to the other.
You may

¢ add the same amount to both side

e subtract the same amount from each side

e multiply the whole of each side by the same amount

e divide the whole of each side by the same amount.

If the equation has unknowns on both sides, collect all the letters onto the same side of the equation.

If the equation contains brackets, you often start by expanding the brackets.

. . . . 1
A linear equation contains only numbers and terms in x. (Not x* or x® or — etc)

Example 1: Solve the equation 64 - 3x = 25
Solution: There are various ways to solve this equation. One approach is as follows:

Step 1: Add 3x to both sides (so that the x term is positive):64 = 3x + 25

Step 2: Subtract 25 from both sides: 39 = 3x
Step 3: Divide both sides by 3: 13 = x

So the solution is x = 13.

Example 2: Solve the equation 6x + 7 = 5- 2x.

Solution:
Step 1: Begin by adding 2x to both sides 8x +7 =5
(to ensure that the x terms are together on the same side)
Step 2: Subtract 7 from each side: 8x = —2
Step 3: Divide each side by 8: X = —i
EXERCISE A: Solve the following equations, showing each step in your working:
1) 2x+5=19 2) 5x-2=13 3) 11-4x=5
4) 5-7x=-9 5) 11 +3x=8-2x 6) 7x+2=4x-5



Example 3: Solve the equation 2(3x-2) = 20-3(x + 2)

Step 1: Multiply out the brackets: 6x-4 = 20-3x-6
(taking care of the negative signs)

Step 2: Simplify the right hand side: 6x -4 = 14 - 3x
Step 3: Add 3x to each side: 9x-4 = 14
Step 4: Add 4: 9x = 18

Step 5: Divide by 9: x =2
EXERCISE B: Solve the following equations.
1) 5(2x-4) =4 2) 4(2—-x) =3(x-9)

3) 8-(x+3)=4 4  14-3(2x+3)=2

10



2.3 Equations Containing Fractions

When an equation contains a fraction, the first step is usually to multiply through by the denominator of

the fraction. This ensures that there are no fractions in the equation.

Example 4: Solve the equation %+ 5=11

Solution:

Step 1: Multiply through by 2 (the denominator in the fraction): y+10=22

Step 2: Subtract 10: y=12

Example 5: Solve the equation %(Zx +1)=5

Solution:
Step 1: Multiply by 3 (to remove the fraction) 2x+1=15
Step 2: Subtract 1 from each side 2x =14
Step 3: Divide by 2 X=7

When an equation contains two fractions, you need to multiply by the lowest common denominator.

This will then remove bhoth fractions.

Example 6: Solve the equation XTH + X%Z =2
Solution:
Step 1: Find the lowest common denominator: The smallest number that both 4 and 5

divide into is 20.
Step 2: Multiply both sides by the lowest common

denominator 20(x+1) N 20(x+2)
4 5
Step 3: Simplify the left hand side: 5 4
20(x+1)  20(x+2)
+
A B
5(x+1)+4(x+2)=40
Step 4: Multiply out the brackets: 5x+5+4x+8=40
Step 5: Simplify the equation: 9x + 13 =140
Step 6: Subtract 13 Ox = 27
Step 7: Divide by 9: X=3

11



Solution:
The lowest number that 4 and 6 go into is 12. So we multiply every term by 12:

Exercise: Solve these equations

1)

3)

5)

7)

Simplify
Expand brackets
Simplify
Subtract 10x
Add 6

Divide by 5

1
—(x+3)=5
5 (x+3)

Yi3-5Y
4 3

7x-1
2

=13-xXx

oy 4 x—1:5x+3

Example 7: Solve the equation X + %2 _p_ 35X

12

6

2)

4)

6)

8)

12x

+M:24_
4

12(3-5x)
6

12x +3(x—2) = 24— 2(3-5%)
12X +3Xx—6=24—-6+10x
15x -6 =18+10x

5x-6=18
5x =24
Xx=438
Q— :1+4
3
x—2:2+3—x
7 14

2 3 6
2-2-19
X X



2.4 Forming Equations

Example 8: Find three consecutive numbers so that their sum is 96.

Solution: Let the first number be n, then the second is n + 1 and the third is n + 2.
Therefore n+(n+1)+(n+2) =96

3n+3=96

3n=93

n=31
So the numbers are 31, 32 and 33.

1) Find 3 consecutive even numbers so that their sum is 108.

2) The perimeter of a rectangle is 79 cm. One side is three times the length of the other. Form an
equation and hence find the length of each side.

3) Two girls have 72 photographs of celebrities between them. One gives 11 to the other and finds
that she now has half the number her friend has.
Form an equation, letting n be the number of photographs one girl had at the beginning.
Hence find how many each has now.

13



2.5 Linear Inequalities

Linear inequalities can be solved using the same techniques as linear equations (for the most part).
We may add and subtract the same numbers on both sides and we can also multiply and divide by
positive numbers; multiplying/dividing both sides by a negative needs further explanation.

Example

2x -3<11
Here we can simply add 3 to both sides: 2x < 14
Next, as with linear equations we divide by 2: X<7

However, if we were to have 3 — 2x > 6, we would need to adopt a different technique. If we wish to
divide or multiply by a negative number, we must reverse the direction of the inequality.

Example

3—2x>6
As before, we would subtract 3 from both sides: —2x >3
Divide by -2 and subsequently reverse the inequality: x < —3;

We can see this working on a more basic level; it is true to state that 3 < 4 but it is incorrect if we
multiply both sides by a negative and keep the sign as it was: -6 < -8 is not true.

You may find it easier to rearrange the inequality:

Example

3—2x>6
If we add 2x to both sides, we remove the hassle: 3>6+2x
We then subtract 6: -3>2x
Divide by two as normal: —3; > x
Remember that you can change this round to say x< -3

2
Both of these techniques are acceptable and is more a matter of preference.

14



Exercise: Solve each inequality

1)
3)
5)

7)

x+ 6 <10

2x + 6 < 8

—x +6< 9

7-3x < 8

15

2)
4)
6)

8)

y-7 > 14
3y +7= 31
8 —y > 12

19 - 4y > 40



2.6 Simultaneous Equations

Example 3x+2y=8 O
5+y=11 @

x and y stand for two numbers. Solve these equations in order to find the values of x and y by
eliminating one of the letters from the equations.

In these equations it is simplest to eliminate y. Make the coefficients of y the same in both equations.
To do this multiply equation @ by 2, so that both equations contain 2y:
3X+2y=8 0]
10x + 2y = 22 2x@ =0

To eliminate the y terms, subtract equation @ from equation ©®. We get: 7x=14
Ie. X=2

To find y substitute x = 2 into one of the original equations. For example put it into @:
10+y=11
y=1
Therefore the solutionisx =2,y = 1.
Remember: Check your solutions by substituting both x and y into the original equations.

Example: Solve 2x+5y=16 O
AX—4y=1 O

Solution: Begin by getting the same number of x or y appearing in both equation. Multiply the top
equation by 4 and the bottom equation by 5 to get 20y in both equations:

8x+20y=64 O®

15x-20y =5 @

As the SIGNS in front of 20y are DIFFERENT, eliminate the y terms from the equations by ADDING:
23x =69 ®+®
ie. x=3

Substituting this into equation ® gives:
6+5y=16
5y =10
So... y=2
The solution isx =3,y =2.

16



Exercise: Solve the pairs of simultaneous equations in the following questions:

1)

3)

5)

X+2y=7
3x+2y=9

3x—-2y=4
2x +3y=-6

4a+3b =22
5a—4b =43

17

2)

4)

6)

x+3y=0
3X+2y=-7

Ox -2y =25
4x -5y =7

3p+3q=15
2p+5q=14



2.7 Factorising Linear Expressions

Example 1:  Factorise 12x — 30
Solution: 6 is a common factor to both 12 and 30. Factorise by taking 6 outside a bracket:
12x — 30 =6(2x - 5)
Example 2:  Factorise 6x? — 2xy
Solution: 2 is a common factor to both 6 and 2. Both terms also contain an x.
Factorise by taking 2x outside a bracket.
X2 — 2xy = 2X(3X — Y)
Example 3:  Factorise 9x%? — 18x%y
Solution: 9 is a common factor to both 9 and 18.
The highest power of x that is present in both expressions is x2.
There is also a 'y present in both parts.
So we factorise by taking 9x%y outside a bracket:
9x3y2 — 18x2y = 9x?y(xy — 2)
Example 4:  Factorise 3x(2x — 1) —4(2x — 1)
Solution: There is a common bracket as a factor.
So we factorise by taking (2x — 1) out as a factor.
The expression factorises to (2x — 1)(3x — 4)
EXERCISE A Factorise each of the following
1) 3x+xy 3  pg’-pig
2) 4x2 — 2xy 4) 3pq - 9¢?
5) 2x3 — 6x° 6) 8a°h? — 12a’h*

7) Sy(y-1)+3(y-1)

18



2.8 Factorising Quadratic Expressions

Simple quadratics: Factorising quadratics of the form x? + bx + ¢

The method is:
Step 1: Formtwo brackets (x ... )X ... )
Step 2: Find two numbers that multiply to give ¢ and add to make b. Write these two numbers
at the end of the brackets.

Example 1: Factorise x> — 9x — 10.

Solution: Find two numbers that multiply to make -10 and add to make -9. These numbers are -10 and
1.
Therefore x2—9x — 10 = (x — 10)(x + 1).

General quadratics: Factorising quadratics of the form ax? + bx + ¢
One method is that of combining factors. There are many more options that you can use.
Another method is:
Step 1: Find two numbers that multiply together to make ac and add to make b.
Step 2: Split up the bx term using the numbers found in step 1.
Step 3: Factorise the front and back pair of expressions as fully as possible.
Step 4: There should be a common bracket. Take this out as a common factor.

Example 2: Factorise 6x? + x — 12.

Solution: We need to find two numbers that multiply to make 6 x -12 = -72 and add to make 1. These
two numbers are -8 and 9.

Therefore, 6Xx2+Xx—12= 6x*>-8x +9x—12
—

=2X(3x—4) + 3(3x —4) (the two brackets must be identical)

=(3x—4)(2x + 3)

Difference of two squares: Factorising quadratics of the form x* —a?
Remember that x*> —a® = (x + (a)(x — (a).

Therefore: x* —9=x*-3 =(x+3)(x-3)
16x* — 25 = (2x)* —5° = (2x+5)(2x —5)

Also notice that: 2x? —8=2(x* —4) =2(x+4)(x - 4)
and 3x® —48xy® = 3x(x* —16Yy?) = 3x(x + 4y)(x —4y)

19



Factorising by pairing or grouping
Factorise expressions like 2x* + xy —2x —y using the method of factorising by pairing:

2X2 +xy—2x—y =X(2x +y) —1(2x + ) (factorise front and back pairs, both brackets
= (2x +y)(x— 1) identical)
EXERCISE B Factorise
1) x2—x—6 8) 10x2 + 5x — 30
2) x?+6x—16 9) 4x% — 25
3) 2x%+5x + 2 10)  x? —3x — xy + 3y?
4) 2x?% — 3x 11)  4x?2—-12x+8
5) 3x% + 5x — 2 12) 16m? —81n?
6) 2y + 17y + 21 13)  4y3 —9a?y
7) 7y? —10y + 3 14) 8(x+1)?—-2(x+1)—10

20



2.9 Completing the Square

A related process is to write a quadratic expression such as x? + 6x + 11 in the form (x + a)? + b. This is
called completing the square. It is often useful, because x? + 6x + 11 is not a very transparent expression —

it contains X in more than one place, and it’s not easy either to rearrange or to relate its graph to that of x?.

Completing the square for quadratic expressions in which the coefficient of x2 is 1 (these are called monic
quadratics) is very easy. The number a inside the brackets is always half of the coefficient of x.

Example 1~ Write x2 + 6x + 4 in the form (x + a)? + b.
Solution X2 + 6 X + 4 is a monic quadratic, so a is half of 6, namely 3.
When you multiply out (x + 3)2, you get x?> + 6x + 9.
[The x-term is always twice a, which is why you have to halve it to get a.]
X2 + 6X + 9 isn’t quite right yet; we need 4 at the end, not 9, so we can write
X2+6x+4=(x+3)2-9+4
= (x +3)? 5.
This version immediately gives us several useful pieces of information. For instance, we now know a lot
about the graph of y = X2 + 6x + 4:
e ltisatranslation of the graph of y = x? by 3 units to the left and 5 units down

e Its line of symmetry is X = -3

o Its lowest point or vertex is at (-3, -5)

We also know that the smallest value of the function x% + 6x + 4 is -5 and this occurs when
X =-3.

And we can solve the equation x? + 6x + 4 = 0 exactly without having to use the quadratic equation formula,
to locate the roots of the function:
X2 +6x+4=0

= (x+3)%-5=0

= (x+3)?=5

= (x+3)=++5 [don’t forget that there are two possibilities! ]

= x=-3%1\5
These are of course the same solutions that would be obtained from the quadratic equation formula — not
very surprisingly, as the formula itself is obtained by completing the square for the general quadratic
equation ax? + bx + ¢ = 0.
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Non-monic quadratics

Everyone knows that non-monic quadratic expressions are hard to deal with. Nobody really likes trying to
factorise 6x? + 5x — 6 (although you should certainly be willing and able to do so for A Level, which is why
some examples are included in the exercises here).

Example 2 Write 2x2 + 12x + 23 in the form a(x + b)? + c.
Solution First take out the factor of 2:

2x2 +12x + 23 =2(x* + 6x + 11.5)  [you can ignore the 11.5 for now]
Now we can use the method for monic quadratics to write

X2+ 6x+11.5=(x+ 3@@)
Half of 6

So we have, so far

2x2+12x+23=2(x+3)%+¢ [so we already have a=2 and b = 3]
Now 2(x + 3)2=2(x? + 6x + 9)
=2x? +12x + 18

We want 23 at the end, not 18, so:
2x% +12x +23=2(x + 3)>— 18 + 23
=2(x + 3)% + 5.
If the coefficient of x? is a perfect square you can sometimes get a more useful form.

Example 3 Write 4x? + 20x + 19 in the form (ax + b)? + c.

Solution It should be obvious that a = 2 (the coefficient of a2 is 4).
So  4x2+20x+19=(2x+h)’+c
If you multiply out the bracket now, the middle term will be 2 x 2x x b = 4bx.
So 4bx must equal 20x and clearly b = 5.
And we know that (2x + 5)% = 4x? + 20x + 25.

So 4x? +20x + 19 = (2x + 5)> - 25 + 19
= (2x +5)> 6.

EXERCISE A
1 Write the following in the form (x + a)? + b.

() x*+8x+19 ()  x2—10x+23 (c) x*+2x—-4

(d) x*—4x-3 () x2-3x+2 () x*—5x-6
2 Write the following in the form a(x + b)? + c.

(@) 3x*+6x+7 (b)  5x2—20x + 17 (c)  2x*+10x+13
3 Write the following in the form (ax + b)? + c.

(@) 4x*+12x+14 (b) 9x*-12x-1 ()  16x%+40x + 22
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2.10 Solving Quadratic Equations

A quadratic equation has the form ax® +bx+c=0.

There are two methods that are commonly used for solving quadratic equations:
* factorising
* the quadratic formula

Not all quadratic equations can be solved by factorising.
Method 1: Factorising

Make sure that the equation is rearranged so that the right hand side is 0. It usually makes it easier if the
coefficient of x? is positive.

Example1: Solvex?-3x+2=0

Factorise x-1)(x-2)=0
Either (x—1)=0o0r(x-2)=0
So the solutionsarex =1 orx = 2

Note: The individual values x =1 and x = 2 are called the roots of the equation.

Example 2:  Solve x> —2x =0

Factorise: Xx(x—-2)=0
Eitherx=0o0r (x-2) =0
So x=0or x= 2
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Method 2: Using the formula

The roots of the quadratic equation ax? + bx + ¢ = 0 are given by the formula:

—b +Vb?% — 4ac
X =
2a

Example 3: Solve the equation 2x* —5=7 —3x

Solution: First we rearrange so that the right hand side is 0. We get 2x* +3x-12=0
We can then tell thata=2,b =3 and ¢ =-12.
Substituting these into the quadratic formula gives:
-34,/32-4x2x(-12) -3++105
x = =
2X2 4
(this is the surd form for the solutions)
If we have a calculator, we can evaluate these roots to get: x=1.81 or x=-3.31

Exercise

1) Use factorisation to solve the following equations:
(@ x*+3x+2=0 (b) x*-3x-4=0 (c) x> =15-2x

2) Find the roots of the following equations:
(@ x*+3x=0 (b) x°-4x=0 (c) 4-x2=0

3) Solve the following equations either by factorising or by using the formula:

(@) 6x2-5x—4=0 (b) 8x*—24x+10=0

4) Use the formula to solve the following equations to 3 significant figures where possible
(@) x2+7x+9=0 (d x*2-3x+18=0

(b) 6+3x=8x () 3x*+4x+4=0

f) 3x2=13x-16
() 4x*—x-7=0
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2.11 Changing the Subject

Rearranging a formula is similar to solving an equation —always do the same to both sides.

Example 1:  Make x the subject of the formula y =4x + 3.

Solution: y=4x +3
Subtract 3 from both sides: y—3=4x
Divide both sides by 4; yT_?’ =X

So x= yT_?’ is the same equation but with x the subject.

Example 2:  Make x the subject of y =2 — 5x

Solution: Notice that in this formula the x term is negative.
y=2-5X
Add 5x to both sides y+5x=2 (the x term is now positive)
Subtract y from both sides 5x=2-y
Divide both sides by 5 X = 2;5y
5(F —-32)

Example 3: The formula C = is used to convert between ° Fahrenheit and ° Celsius.

Rearrange to make F the subject.

C 5(F —32)
9
Multiply by 9 9C =5(F —-32) (this removes the fraction)
Expand the brackets 9C =5F —160
Add 160 to both sides 9C +160 =5F
Divide both sides by 5 @ -F
Therefore the required rearrangement is F = M
EXERCISE A Make x the subject of each of these formulae:
1)  y=7x-1 3) 4y =X_>
3

X+5 _

2) y=—- 4) _ 4(3)( 5)
4 9
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Example 4: Make x the subject of x? + y? = w?

Solution: x2+y?=w?
Subtract y? from both sides: x? =w? —y? (thisisolates the term involving x)
Square root both sides: x =t Jw? —y?

Remember the positive & negative square root.

1 |5a
Example 5: Make a the subject of the formula t = Z ,W

1 ,5
Solution: t== o
4\ h

5
Multiply by 4 4t = Ta
. , ba
Square both sides 16t° = o
Multiply by h: 16t*h = 5a
2
Divide by 5: 16; h_ a
EXERCISE B: Make t the subject of each of the following
1) p- W 3) v =1en 5) pa = M=1)
32r 3 g
2 6 r =a+ bt?
2) -2 P I )
32r g
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When the Subject Appears More Than Once

Sometimes the subject occurs in more than one place in the formula. In these questions collect the
terms involving this variable on one side of the equation, and put the other terms on the opposite side.

Example 6:  Make t the subject of the formulaa — xt = b + yt

Solution: a—xt=b+yt
Start by collecting all the t terms on the right hand side:
Add xt to both sides: a=b+yt+xt
Now put the terms without a t on the left hand side:
Subtract b from both sides: a—b=yt+xt
Factorise the RHS: a—b=t(y+x)
Divide by (y + X): a=b _,
y+X
So the required equation is  t = 2= b
Y+ X
. Wa
Example 7: Make W the subject of the formula T -W = ey

Solution: This formula is complicated by the fractional term. Begin by removing the fraction:

Multiply by 2b: 2bT — 2bW = Wa
Add 2bW to both sides: 2bT = Wa + 2bW  (this collects the W’s together)
Factorise the RHS: 2bT = W(a + 2b)
Divide both sides by a + 2b: W = 20T
a+2b

Exercise C  Make x the subject of these formulae:

1) ax+3=bx+c 3) _ 2Xx+3
5x -2

X X

) 3(x+a)=k(x—2) 4 F7y
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2.12 Indices

Basic rules of indices

y*meansy Xy Xy X y. 4 is called the index (plural: indices), power or exponent of y.

There are 3 basic rules of indices:

1) a™ x a" = am™*m" e.g.
2) a™+at=am™" e.g.
3) (@™ = a™ e.g.

Further examples
y4- X 5y3 — 5y7
4a® X 6a® = 24a®
2¢? x (—3c®) = —6¢8

3*x35=39
38 x 36 = 32
(32)5 = 310

24d’
7 242 — — QA5
24d” + 3d* = o = 8d
EXERCISE A Simplify the following:
1) b x 5b°

2) 3c? x 2¢®
3)  bZcx bc?

4) 2n® x (—6n?)

28

(multiply the numbers and multiply the a’s)
(multiply the numbers and multiply the c’s)

(divide the numbers and divide the d terms by
subtracting the powers)
Remember that b = b?

5) 8n8 = 2nd

6) dl = d°
7) (a*)?
8) (—d*)3



Zero index: Remember a’=1 For any non-zero number, a.

0
Therefore ~ 5° =1 (§j =1 (-5.2304)" =1

Negative powers

: . 1
A power of -1 corresponds to the reciprocal of a number, i.e. a™* ==
a

Therefore 5% = 1
5
025 =~ -4
0.25
4\" 5
(Ej =3 (Find the reciprocal of a fraction by turning it upside down)

. . 1
This result can be extended to more general negative powers: a™" = —.
a
This means:

There is a particularly nice way of understanding the negative powers.
Consider the following:

3! 32 33 3 3

3 9 27 81 243

x3 ’ x3 ’ x3 ’ x3 '
Every time you move one step to the right you multiply by 3.
Now consider the sequence continuing, right-to-left:
32 3t 3° 3! 32 33 3 3°
L L 1 3 9 27 81 243

9 3

Each time you move one step to the left you divide by 3.
Take particular care when there are numbers as well as negative powers.

Example 0 jox but —— = L x % o (10x) L.
X 10x 10

The usual rules of powers and brackets tell you that 10x is not the same as (10x) ™.
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Fractional powers:

Fractional powers correspond to roots: a'’? =+a a3 =3/a a4 = 3a
In general: a'/™ = Ya
Therefore:
1 1 1
83 =38=2 252 =25=75 10000: = /10000 = 10

m

m 1
A more general fractional power can be dealt with in the following way: an = (aﬁ)

So 4:=(vd)’=23=38

2 2
3

@) =) ) -6 =5

1
3

3

25\ 36)3/2 [ B8 (6)3 216
(36) B (25 \J25) \5/ 125
EXERCISE B: Find the value of:
1 -2 -2 2/3
D v 0 (3 W (5]
3 27
1 5) 18°
2) 273 ,
6 -1 9) 873 1\
) ) 7 12) Sl
1 E 16
() : :

Simplify each of the following:

1 5 1

13) 2az X 3az 15)  (x2y%):
14)  x3xx72
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2.13 Surds

A surd is a root of a number that cannot be expressed as an integer. Surds are part of the set of irrational
numbers.

Example:
/3 and +/8 are surds but /4 is not as it equals 2.

Simplifying Surds
Start to simplify surds by using two rules:

_ a_va
\/cﬁ—\/axﬁand\/;_ﬁ

By using the multiplication rule, simplify surds by finding a factor of the number you are taking a root
of which is a square number. Always try to find the largest square number factor, otherwise you will
have to simplify further.

Example:
V8 = VA x 2
=22

3V12 =3 x4 x V3
=3x2x%x+3
=63

V600 600
V2o 2
=+/300

=+/100 x /3
=103

EXERCISE A
Simplify
1) 50 3) V27
2) V72 4) V80

o Ol
N—r N—r
a\aﬁ
SR
(=)
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Multiplying and Dividing with Surds
The rules of algebra are true for any numeric value; these include surds. To multiply and divide
expressions with surds, deal with any integers together and then deal with any surds.

Examples:

2V3 x /2 = 2/6

3v5 x 6v2 = 18V10

2v/5 x 7V/8 = 1440
=14 x 4 x V10
= 28V10

V2(5+2v3) =5vV2 + 26

2T

(1+v3)2-V2)=2-2v2+2V3 -6

42

(3+v2)(3-+2) =32 - (+2)°
=1

In this example, you could expand as usual but this is an example of the difference of two squares.

EXERCISE B
Simplify
1) V3 x+7 5)5_x/ﬁ 7 (V2+1)W2+
2) 5vV2x4V5 6v5 5)
3) 3V3x 2V6 6) 220 8) (5-V3)(VZ-
4) V8 x+27 8)
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Addition and Subtraction with Surds
You can only add or subtract with surds if the surd is the same; sometimes if they are not the same, you
may be able to simplify them so that the same surd is present.

Example:

2v3 + 4V3 + 6V5 = 63 + 615
Here add the 2v/3 and 4+/3 as the same surd is present but you cannot add the 6+/5.

2v/5 + /45 = 2v/5 + 3+/5
= 5+/5
By simplifying V45 to 3v/5, you can add the two surds together.

These methods also work for subtraction of surds.

Exercise C
Simplify
1) V347 6) 2v/5—+5
2) 5V2+ 42 7) V72 —-+/50
3) 3v6++24 8) 6vV3—V12++27
4) /50 ++8 9) 200 ++/90 — /98
5) V27 ++75 10)V72 — V75 + /108
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Rationalising the Denominator
It is far easier to calculate with a fraction if the surd if the denominator is a rational number (i.e. not a
surd). The process of this is known as rationalising the denominator. To do this, multiply by the surd in

the denominator, doing so makes use of the fact that va x va = (va)” = a

Example:
1
V3
Multiply the denominator by /3 to rationalise it and so multiply the numerator by v/3 also:
1 V3_V3
V3 V3 3
Example 2:
4_4 V2
V2 V2 2
42
2
=22
Example 3:
2+V3 _2+43 y V5
V5 V5 5
_V5(2++3)
=—=
_2vV5++V15
B 5

If there is more than just a surd in the denominator, we make use of the difference of two squares by
multiplying by its conjugate.

Example:
Rationali 2
ationalise
3—7
We multiply the numerator and denominator by its 2 3+47 23+ 7)
: , X =
conjugate: 3 + V7 37 3447 (B=v7)(B+V7)
It’s a difference of two squares so expand as usual — 23+ ﬁ)z
32— (V7)
2B +V7)
- 9-7
2B +V7)
2
=3+V7
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Exercise D

Rationalise the following:

1

a) —

d) —=

9 73

d)

w
+
&

b)

h)

b)

2 NlE Gl

4

N

&

- |

i
a
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2.14 Algebraic Fractions

Algebraic fractions can be treated in exactly the same way as numerical fractions.

3
Example Multiply % by 2.

6x 6x
Solution 3 x 2 = 6X, so the answer is;. (Not E as this is just an equivalent fraction!)

E I Divid 3—yzb
xample Ivide = by y.

3y? 3y2 1
Solution AN y = 2=
4x 4x y
_ 3
 4xy
3y o
= — (Don’t forget to simplify!)
4x
.. PQR
Example Divide—— by T.
100
PQR PQR 1
Solution PeR . T =——X-=
100 100 T
_ PQR
~100T
PQR
100

Here it would be wrong to say just , Which is a mix (as well as a mess!)

Double fractions, or mixtures of fractions and decimals, are always wrong.

0.5x X
Y but—y.
Z 2Z

X
For instance, if you want to divide ?y by 2, you should not say

This sort of thing is extremely important when it comes to rearranging formulae.
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3 1
Example Simplify 1 xi1
Solution Use a common denominator. [You must treat (x — 1) and (x + 1) as separate
expressions with no common factor.]
3 1 _3(x+1)-(x-1
x—1 x+1 (x=1)(x+1)

_3X+3—-x+1 = 2x+4

C(x=D(x+1)  (x—D(x+1)
Do use brackets, particularly on top — otherwise you are likely to forget the minus at the end
of the numerator (in this example subtracting -1 gives +1).
Don’t multiply out the brackets on the bottom. You will need to see if there is a factor, which
cancels out (although there isn’t one in this case).

E I Simpli 2 + >
xample impli :
P plity 3x—3  x2-1
Solution A common denominator may not be obvious, you should look to see if the
denominator factorises first.
2 .5 2 5
3x-3 x*-1 3(x-1) (x+1)(x-1) x —11s a common
factor, so the
2(x+1)+5x%x3 .
= common denominator
3(x=1)(x+1) is 3(x — 1)(x + 1).
_ 2X+2+15
3(x-1D(x+1)
2x+17

T 3(x—1)(x+1)
If one of the terms is not a fraction already, the best plan is to make it one.

., 3 . .
Example Write i1 + 2 asasingle fraction.

x+
3 .. 8 .2
Solution x+1 x+1 1
_3+2(x+1)
T x+1
_ 2X+5
Cox+1

This method often produces big simplifications when roots are involved.
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Example

Solution

Write ++Vx — 2as a single fraction.

x
Vx—2
RS oy NS S x=2
X—2 X—2 1
X+ (Wx-2)°
X—2
_X+(x=2)

X—2
_2X=2
X—2

. . : . . X
It is also often useful to reverse this process — that is, to rewrite expressions such as 2 The

problem with this expression is that x appears in more than one place and it is not very easy
to manipulate such expressions (for example, in finding the inverse function, or sketching a

curve). Here is a very useful trick.

Exercise
1 Write as single fractions.
@ 2 , 1 (O _2 _
x—1 x+3 x—3

© , 1 " _2x
x-1 X+1

2 Write as single fractions.
@ x+1

N Vi +3

2x

x+2

i O 23
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2.15 Linear and Quadratic Simultaneous Equations

| am sure that you will be very familiar with the standard methods of solving simultaneous
equations (elimination and substitution). You will probably have met the method for solving
simultaneous equations when one equation is linear and one is quadratic. Here you have no
choice; you must use substitution.

Example 1  Solve the simultaneous equations X+3y=6

X2 +y2=10
Solution Make one letter the subject of the linear equation: x = 6 — 3y

Substitute into the quadratic equation(6 — 3y)? + y> = 10
Solve ... 10y? - 36y +26 =0

2(y—1)(5y-13)=0
... to get two solutions: y=1lor26
Substitute both back into the linear equationx =6 —3y =3 or-1.8
Write answers in pairs: (X, y)=(3,1) or (-1.8, 2.6)

e You can’t just square root the quadratic equation.

e You could have substituted for y instead of x (though in this case that would
have taken longer — try to avoid fractions if you can).

e Itis very easy to make mistakes here. Take great care over accuracy.

e It is remarkably difficult to set questions of this sort in such a way that both
pairs of answers are nice numbers. Don’t worry if, as in this example, only one
pair of answers are nice numbers.

Questions like this appear in many GCSE papers. They are often, however, rather simple
(sometimes the quadratic equations are restricted to those of the form x? + y? = a) and it is
important to practice less convenient examples.
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Exercise

Solve the following simultaneous equations.

1

11

13

15

X2 +xy =12
3x+y=10

X+xy+y?=1
X+2y=-1

c?+d?=5
3c+4d=2

22X +3xy +y? =6
3x+4y=1

A2 +y? =17
2x+y=5

X2+ 3xy + 5y? =15
X-y=1

X+ 3xy + 5y =5
x—-2y=1

X2 —y?=11

x—-y=11

10

12

14

16

40

X —4x+y?>=21
y=3x-21

X2—2xy+y?=1
y = 2X

X+2y=15
Xy =28

2X% + 4xy + 6y> = 4
2x+3y=1

2x2 —3xy +y?=0
X+y=9

Xy + X2 +y* =7
X—3y=5

4x2 — 4xy —3y? = 20
2x -3y =10

12

2,1 3
y

X
X+y=7



2.16 Expanding More Than Two Binomials

You should already be able to expand algebraic expressions of the form (ax + b)(cx + d).
eg. (2X+1DBx—2) = 6X2—4x+3x—2 = 6X2—x—2
e.g. (Bx+4)(5x—4) = 25x2—-20x+20x—16 = 25x°—16

We are now going to algebraic expressions of the form (ax + b)(cx + d)(ex + ).

To simplify the product of three binomials, first expand any two of the brackets and then
multiply this answer by each term in the third bracket

Example 1:
Expand and simplify (x — 2)(2x + 3)(x + 7)

(X—2)2X+3)=2x>+3x—4x— 6 <— First expand two of the brackets
(You may prefer to use the grid method)
=2X%-X—6 <«— Simplify
Now (X — 2)(2X + 3)(X + 7) = (X + 7)(2x*> — X — 6)
= X(2x2 — x — 6) + 7(2x2 — X — 6) <— Multiply your expansion by each term

in the 3rd bracket
=23 — X2 —6X + 14x2 — Tx — 42
=2 +13x° — 13x — 42 <+— Simplify

Example 2:
Show that (2x + 5)( x — 1)(4x — 3) = 8x3 + 6x% — 29x + 15 for all values of x.

(2x+5)(xX—1)=2x*—2Xx+5x—5 <— First expand any two of the brackets.
=2 +3x—5 <«— Simplify

Now (2x + 5)(Xx — 1)(4x — 3) = (4x — 3)( 2x* + 3x — 5)

= 4x(2x%> + 3x —5) —3(2x* + 3Xx —5)  <«— Multiply your expansion by each term
in the 3rd bracket

=8x% + 12x> — 20x — 6x> — 9x + 15 <— Remember the minus outside the 2nd bracket
changes each sign inside the 2nd bracket

= 8x3+ 6x2 —29x + 15 <«— Simplify

To simplify the product of four binomials, first expand any two of the brackets and then
expand the other two brackets and then multiply these answers.
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Example 3:

Expand and simplify (x + 3)(x — 3)(2x + 1)(5x — 6)

(x+3)(x—3)=x*-9 <— Expand two of the brackets
(2x+1)(5x—6) = 10x2 —7x— 6 <«— Expand the other two brackets

(x+3)(x—3)2x +1)(5x — 6)
= (x> — 9)(10x? — 7x — 6) <— Use the two expansions above

= x?(10x% — 7x — 6) — 9(10x2 — 7X — 6) «— Multiply the 2nd bracket
by each term in the 1st bracket
= 10x* — 7x% — 6x% — 90x? + 63X + 54

= 10x* — 7x3 — 96x% + 63x + 54 <«— Simplify

EXERCISE:

1. Expand and simplify

(@ (x+1)(x+4)(x+5) (b) (2x+7)(3x +1)(x +8)

() (x—=3)x—1D(2x-3) (d) (Bx+8)(x—2)2x—75)

) (5x— 1)(2x +5)(3x - 2) () (@x+1)(2x+7)(4x— 1)

(@) (x+4)*(3x—7) (h) (6x+5)(2x— 1)?

() (x=Dx+1)Ex-1)2x—5) () (x+5)*(x—2)

2. Show that (2x + 3)% = 8x® + 36x2 + 54x + 27 for all values of x.

3. Show that (x — 4)%(x + 3) simplifies to x3 + ax? + bx + ¢ where a, b and ¢ are
integers.

4, Express (3x — 1)*in the form ax* + bx® + cx? + dx + e where a, b, ¢, d and e are
integers.

5. (Bx +5)(x —4)(3x —2) = 9x3 + Ax? + Bx + 40
Work out the value of A and the value of B.

6. (x—3)2x+ 1)(Ax+1)=8x*+Bx>+Cx—3
Work out the value of A, the value of B and the value of C.

7. Here is a cuboid.

X—2

X+5

2X+1

All measurements are in centimetres.
Show that the volume of the cuboid is (2x3 + 7x% — 17x — 10) cm?®.
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f(x) =3 -2x*+4
Express f(x + 2) in the form ax® + bx? + cx + d.

The smallest of three consecutive positive odd numbers is (2x — 1).

Work out the product of the three numbers.
Give your answer in the form ax® + bx? + cx + d.
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2.17 Quadratic Inequalities

You should be able to solve quadratic equations of the form ax? + bx + ¢ =0
e.g. X*-3x—4=0 x—4)(x+1)=0 x=4 or x=-1
e.g. 3x2— 14x+8=0 (3x—2)(x —4)=0 xz% or x=4

e.g. x¥>=10-3x X2 +3x—10=0 (X+5)(x—-2)=0 X=—50rx=2

You should also know the shape of a quadratic curve.

If the coefficient of x2 is positive, the curve is ‘smiling’. \/
If the coefficient of x2 is negative, the curve is ‘frowning’. /\

If f(x) >0 or f(xX)>0 we want the values of X where f(x) is above the x-axis.
If f(x) <0 or f(x) <0 we want the values of x where f(x) is below the x-axis.

Example 1:
Solve x2+5x—-24 > 0

x+8)(x—-3)>0 «— First factorise your quadratic expression
Critical values are x =—8 and X = 34— Solve (x+8)(x—3)=0

-8 3 X Always draw a sketch of your curve
— Show where the curve cuts the x-axis
by solving (x + 8)(x —3)=0

X<-8and Xx>3 <«— We want the area where y >0

If you are asked to write the solution set of the inequality x? + 5x — 24 > 0 then the answer
would be: {x:x<-8, x>3}

NOTE: There are TWO regions so we write the answer as TWO inequalities.

44



Example 2:
Find the solution set of the inequality 6(x? + 2) < 17x

6x% + 12 < 17x <«— First expand the bracket
6x2—17x+12<0 <— Rearrange to the form ax? + bx + ¢ <0
Bx—4)(2x—-3)<0 <— Factorise in order to find where it cuts the x-axis

Critical values are x = 4/3 and 3/2 <«— Solve (3x—4)(2x—3)=0

4 Cﬁ X <— Sketch the curve and shade below the axis

3 2

4 3

— < < = i i -axi
3 X > ‘ We want the region where f(x) is below the x-axis

Solution set= { x: % < X < % %—— Make sure your answer is given in the correct form

NOTE: There is ONE region so we write the answer as ONE inequality.

Example 3:
Solve x(x+9)<0

X(x+9)<0 <«— This is already factorised with 0 on one side
so there is no need to expand the brackets
Critical valuesare x=0and x=-9

-9 0 X <— Sketch the curve and shade below the axis

-9 < x <0 <+— We want the region where f(x) is below the x-axis
There is only one region so write as one inequality
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Example 4:
Solve the inequality 14 + 5x < x?

14 +5x—x*<0
2+x)(7-x)<0

Rearrange to the form ax? + bx + ¢ <0

T

Factorise in order to find where it cuts the x-axis

-2 7 X <— The curve is 'frowning’ as we have —x?

x<-2 and x>7 <— We want the region where f(x) is below the x-axis
OR

14 +5x—x° <0 Rearrange to the form ax? + bx + ¢ <0

X —5x—14 >0 Multiply each term by —1 which changes < to >

I

x+2)(x—=7)>0 Factorise in order to find where it cuts the x-axis

-2 7 X The curve is 'smiling' as we have +x2

[

x<-2 and x>7 This method gives the same answer as the 1st method

EXERCISE

1. Solve each of these inequalities.
(@ x*+9x+18 <0 (b) xX*-=x—20<0
() x—2)(x+7) >0 (d) x*—5x>0
(e) 2x*—11x+12 < 0 ) G+x)(1-2x) >0
(@) 15+2x—x* <0 (h) 21-x-2x2 >0
(i) x(5x—2) > 0 () x*—2x > 35

2. Find the solution set for each of these inequalities.
(@) X*—4x+3 <0 (b) xX*+x—-42 <0
(c) x(x+2)> 48 (d) 3x*+14x—-5>0
(e) 2x* > 11x— 12 (f) 16 —x* < 6x
(@) 7+2(4x>-15x) < 0 (h) x*—4(x+6) > 8
(i) 3x(5-x) > 0 (G) (x+5)*>1

3. Solve X*+12 > 44

2
4. Find the solution set for which 15 + 2x < x?

Find the set of values for which 6 + x> x? and x + 2 < x?
6. Find the solution set for (x —3)(2x + 3) <2x(1 —2x) — 5
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2.18 Using Completing the Square to Find Turning Points

You should already be able to express a quadratic equation in the form a(x + b)? + ¢ by
completing the square.

eg. X2—6Xx+3 =(x—32-9+3=(x-3)%2-6

e.g. 3X2+6Xx+5=3[%+2X]+5=3[(x +1)>—1]+5=3(x+1)*+2

We are now going to deduce the turning points of a quadratic function after completing the
square.

Example 1:
Giveny = x? + 6x — 5, by writing it in the form y =(x + a)? + b, where a and b are
integers, write down the coordinates of the turning point of the curve. Hence sketch the

curve.
y=x2+6x—5
=(X+3)2-9-5 <4— Remember to halve the coefficient of x

=(x+3)*— ;1\ and subtract (—3)? to compensate

The turning point occurs when (x + 3)2 = 0, i.e. when x = -3
Whenx=-3,y=(-3+3)*-14=0-14=-14

So the coordinates of the turning point is (=3, —14)
The graph y = x? + 6x — 5 cuts the y-axis when x =0, i.e. y=-5
Sketch:

L

0,-5)

v

(-3, -14)

When y = (x + a)2 + b then the coordinates of the turning point is (—a, b).
The minimum or maximum value of y is b.
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Example 2:
Given that the minimum turning point of a quadratic curve is (1, —6), find an equation of
the curve in the formy = x2 + ax + b.  Hence sketch the curve.

y=(Xx—-12-6 ‘\4_ If the minimum is when x = 1, we know we have (x — 1)?
=(X®*-x—-x+1)-6 If the minimum is when y = —6, we know we have (...)> — 6
=x2—=2x—5

An equation of the curve isy = x> —2x— 5
The graph cuts the y-axiswhen x =0, i.e. aty =—5
Sketch: It is a minimum turning point so the shape is U

L /

(0,-5)

v

.-

NOTE: There are other possible equations as, for example y = 4(x — 1)?>— 6 also has a turning
point of (1, —6). If it was a maximum turning point then the coefficient of x*> would be negative.

Example 3:
Find the maximum value of —x? + 4x — 7 and sketch the curve.

—X2+4x—T7=—(Xx>—4x+7) <+ Firsttake out the minus sign

=—[(x—2)?—4+7] <— Remember to use square brackets
=[x~ 27 +3]
=—(x—2)?%-3 <«— Multiply (x — 2)? and +3 by —1

The maximum value is —3

yA It is a maximum value so the shape is m
(2,-3)
(0,=7

v
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Exercise:

1.

(a)
()
(€)

(2)
(©)

(a)
(©)

4.
(i)

By writing the following in the form y = (x + a)? + b, where a and b are integers, write
down the coordinates of the turning point of the curve. Hence sketch the curve.

y=x%—8x+20 (b) y=x*—10x—1
y=X>+4x—6 (d) y=2x>—12x+8
y =%+ 6x +10 f) y=5-2x—x?

Given the following minimum turning points of quadratic curves, find an equation of the
curve in the formy = x? + ax + b. Hence sketch each curve.

(2,73) (b) (=4, 1)
(-1, 5) (d) (3,-12)
() (1,-7) ® 4-D

Find the maximum or minimum value of the following curves and sketch each curve.

y=x2+4x+2 (b) y=1-6x—x2
y=-x*+2x-3 (d) y=x2—8x+8
(&) y=x2-3x—1 (f) y=-3x2+12x—-9

The expression x? — 3x + 8 can be written in the form (x —a)? + b for all values of x.
Find the value of a and the value of b.

The equation of a curve is y = f(x) where f(x) = x> — 3x + 8
The diagram shows part of a sketch of the graph of y = f(x).

v
LA y=1x)

“"\ ]
X .«/
\ /
\ /
M

/
(0] X

/
/

v

The minimum point of the curve is M.

(i) Write down the coordinates of M.
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5. (i) Sketch the graph of f(x) = x> — 6x + 10, showing the coordinates of the turning point
and the coordinates of any intercepts with the coordinate axes.
(i) Hence, or otherwise, determine whether f(x) — 3= 0 has any real roots.
Give reasons for your answer.

*6. The minimum point of a quadratic curve is (1, —4). The curve cuts the y-axis at —1.
Show that the equation of the curve is y = 3x? — 6x —1

*7. The maximum point of a quadratic curve is (—2, —5). The curve cuts the y-axis at —13.
Find the equation of the curve. Give your answer in the form ax? + bx + c.

* = extension
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3 Functions

3.1 Function Notation

In GCSE Mathematics equations are written as shown below:
y=3x+4 y=x2+5

However, we also used function notation.

We often use the letters f and g and we write the above equations as
f(x) =3x+4 gx)=x2+5

Example 1:
Using the equation y = 3x + 4, find the value of y if

@ x=4 (b) x=-6

@ y=34)+4=12+4=16 <—— Supstitute for x = 4 in the equation

(b) y=3(-6)+4=-18+4=-14  «—— Substitute for x=—6 in the equation

Example 2:
fisa function such that f(x) = 3x + 4

Find the values of

() f(4) (b) f(-6)
@ f(4)=34)+4=12+4=16 <« Substitute for x = 4 in the equation
(b) f(-6) =3(-6)+4=-18+4=-14 <—— Substitute for x = —6 in the equation
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Example 3:
g is a function such that g(x) = 2x2—5

Find the values of @ 9(3) (b) g(—4)

@ 09(3)=2(32-5=18-5=13 <«—— Substitute for x = 3 in the equation
(b) g(-4)=2(-4)2-5=32-5=27 «— Substitute for x=—4 in the equation

Example 4:
The functions f and g are defined for all real values of x and are such that

f(x) =x2—-4 and g(x)=4x+1
Find (@ f(-3) (b) 9(0.3)

(c) Find the two values of x for which f(x) = g(x).

@ f(-3)=(-3)2-4=9-4=5 <+—— Substitute for x =—3 in the equation f(X)

(b) g(0.3)=4(0.3)+1=12+1=22 <«—— Substitute for x = 0.3 in the equation g(x)

(c) x2—4=4x+1 <+— put f(x) = g(x)
xX2—4-4x-1=0 <«— Rearrange the equation as a quadratic = 0
X2—4x-5=0 <«—— Simplify
(x-5)(x+1)=0 <—— Solve the quadratic by factorising

Xx-5=0 or X+1=0

X=5 or Xx=-1
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Exercise:

1.

The function f is such that f(x) = 5x + 2
Find @ f(3) (b) 1(7) (c)
(d) f(-2) (e) f(-0.5) (FH f(0.3)

The function f is such that f(x) = x* — 4

Find @ f(4) (b) f(6) (©)
d) f(-6) ) f(-0.2) (f) £(0.9)
The function g is such that g(x) = x3 —3x> - 2x + 1

Find  (a) 9(0) (b) a(1) (c)
(d) 9(-1) (e) 9(-0.4) () 9(1.5)

The function f is such that f(x) = vV2x + 5
Find (a) f(0) (b) (1) (c)
(d) f(-1) (e) f(—0.7) (fH (1.5

f(x) =3x*—2x—8

Express f(x + 2) in the form ax? + bx

The functions f and g are such that
f(x)=3x-5 and g(x)=4x+1

(@ Find (i) f(-1) (i) g2
(b) Find the value of x for which f(x) = g(x).

The functions f and g are such that
f(x)=2x*~1 and g(x) =5x+2

(@) Find f(—3) and g(-5)
(b) Find the two values of x for which f(x) = g(x).
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3.2 Composite Functions

A composite function is a function consisting of 2 or more functions.

The term composition is used when one operation is performed after another operation.
For instance:

X+3 5(x + 3)
+ 3 > x5 .

Y

»

This function can be written as f(x) = 5(x + 3)
Suppose f(x) = x? and  g(x) =2+ 3x
What is fg(x)? Now fg(x) = f[g(x)]
This means apply g first and then apply f.

fg(x) = (2 + 3x) = (2 + 3x)?

ANVZAENNEAN

g(x) is replaced It is then substituted
with 2 + 3x into f(x)

What is gf(x)?
This means apply f first and then apply g.
gf(x) = g(x?) = 2 + 3x?

AV

f(x) is replaced It is then substituted
with x? into g(x)

NOTE: The composite function gf(x) means apply f first followed by g.
NOTE: The composite function fg(x) means apply g first followed by f.

NOTE: fg(x) can be written as fg and gf(x) can be written as gf; fg is not the same as gf.
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Example 1:

fand g are functions such that  f(x) = % and g(x) =3—2x
Find the composite functions (@ fg (b) of
(@ fg=fg(x)=f(3—2x) <«— Do g first: Put (3 —2x) instead of g(x)
1 . 1
= Substitute (3 — 2x) for x in —
3—-2X X

1 —
X

N——

(b) gf=gf(x) = g( Do f first: Put % instead of f(x)

=3- 2l =3- 2 Substitute = for x in (3—-2x)
X X X
Example 2:
f(x) =7 —2x g(x) =4x-1 h(x) =3(x—1)
Find the following composite functions: (a) gf (b) gg (c) fgh
@ gf=gf(x)=g(7 — 2x) 4 Do ffirst: Put (7 —2x) instead of f(x)
=4(7-2x)— 1 4 Substitute (7 — 2x) for x in 4x — 1
=27 — 8X <+— Simplify 28 —8x—1

(b) gg=gg9(x) =g(@x—1) <“— Pyt (4x — 1) instead of g(X)
=4(4x—-1)—1 4 Substitute (4x — 1) for x in 4x — 1
=16x—5 <«—— Simplify 16x—4—1

(c) fgh=fgh(x) =fg[3(x —1)] <«— Put3(x—1) instead of h(x)

=fg (3x—3) <« Expand 3(x— 1)

=f[4(3x—3) — 1] <«—— Substitute (3x — 3) for x in 4x — 1
=f(12x — 13) <— Simplify 12x— 12— 1
=7—-2(12x—13) < Substitute (12x — 13) for X in 7 — 2x
=33 —24x — Simplify 7 - 24x + 26
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Example 3:
f(x) =7 —2x g(x) =4x-1 h(x) =3(x-1)

Evaluate (@ fg(5) (b) ff(-2) (c) ghf(3)

(@) fg(5)=1(20—1)=1(19) <«—— Substitute for x =5in 4x — 1
=7-2(19)=-31 <— Substitute for x= 19 in 7 — 2x

(b) ff(-2)=1]7 —2(-2)]=1f(11) <«— Substitute for x=—2 in 7 — 2x and simplify

=7-2(11)=-15 <—— Substitute for x =11 in 7 — 2x and simplify
(c) ghf(3)=gh(7—6)=gh(1) Substitute for x =3 in 7 — 2x and simplify

=g[3(1 —1)] =g(0) <— Substitute for x = 1in 3(x — 1) and simplify

=40)—-1 = -1 <«— Substitute for x = 0 in 4x — 1 and simplify

Example 4:
f(x) =3x+2 and g(x)=7-x

Solve the equation gf(x) = 2x

gf(x) = g(3x + 2) <+ Put (3x + 2) instead of f(x)
=7-(Bx+2) <«—— g'srule is subtract from 7
=5-3x <+—  Simplify 7-3x—2
5—3x=2X <+— Put gf(x) = 2x and solve
5 =5x <+— Add 3x to both sides
x=1
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Example 5:
(more challenging question)

Functions f, g and h are such that

f:x —4x—1 g:x—»ﬁ,x;ﬁﬁ h: x —» (2 —x)?

. . " 8x+1)°
Find (a)(i) fg(x) (if) hh(x) (b) Show that hgf(x) = T
(@ fo(x) = f(ij <+— Substitute for g(x)

X+2
1 o
=4 — | -1 <+— f’soperationis x4 — 1
(x+2j
= M <+— Simplify using a common denominator of x + 2
X+2
_2-X
X+2
(b) hh(x) = h(2 —x)? <«— Substitute for h(x)
=[2-(2—-x)? <— h’soperation is subtract from 2 and then square

=[2-(4-2x+ X)) — 2-X2=Q2-X)Q2-X)=4-2Xx+x

=(-2+4x—2¢*)?

(c) hgf(x) =hg(4x - 1) <— Put (4x — 1) for f(x)

a 1

“h(——— , B .
( Ax—1+2 ) <«— Substitute (4x — 1) for x in g(x)

2
2 _ 1 <+— 4x-1+2=4x+1,s0put4dx+1forxinh(x)
4x+1

2
4x +1 1 <
=12 - Simplify using a common denominator of 4x + 1
4x+1) 4x+1

_ 8x+2—1j2
4x+1

_(8x+1 ?
~ l4x+1
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Exercise:
Find an expression for fg(x) for each of these functions:

@ fx)=x-1 and g(x)=5-2x
(b) f(x)=2x+1 and g(x)=4x+3

(c) f(x)= % and g(x)=2x—1
(d) f(x)=2x? and g(x)=x+3

Find an expression for gf(x) for each of these functions:
@ fx)=x-1 and g(x) =5-2x
(b) f(x)=2x+1 and g(x) =4x+3

(c) f(x)= % and g(x)=2x—1
(d) f(x)=2x? and g(X)=x+3

The function f is such that f(x) = 2x — 3
Find (i) ff(2) (i) Solve the equation ff(a) = a

Functions f and g are such that
f(x) = x? and g(X)=5+x
Find (a)(i) fg(x) (i) gf(x)

(b) Show that there is a single value of x for which fg(x) = gf(x) and find this value of x.
Given that f(x) = 3x — 1, g(x) = x> + 4 and fg(x) = gf(x), show that x> —x—-1=0

The function f is defined by f(x) :XT_l , X#0
Solve ff(x) =2

The function g is such that g(x) = ﬁ for x#1

(@) Prove that gg(x) = XT_I
(b) Find ggo(3)

Functions f, g and h are such that f(x) =3 —x, g(X)=x*—14 and h(x)=x—2
Given that f(x) = gfh(x), find the values of x.
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3.3 Inverse Functions

The function f(x) = 3x +5 can be thought of as a sequence of operations as shown below

3X 3x +5
> X 3 > + 5 >
Now reversing the operations
x-=5
3 x—95 X
< +3 < -5 <

) X=5 . ) )
The new function, T’ is known as the inverse function.

Inverse functions are denoted as f ~*(x).

Example 1:
Find the inverse function of f(x) =3x — 4

y =3x—4 <—— Step 1: Write out the functionasy =...
x=3y—4 <4— Step 2: Swapthexandy
X+4=3y < Step 3: Make y the subject
X+4 _
3
_q X+4 L
f(x) = 3 <—— Step 4: Instead of y = write f!(x) =
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Example 2:

Find the inverse function of f(x) = X%Z

X—2
y = — < Step 1: Write out the functionasy = ...
y—-2
X= T 4— Step 2: Swapthexandy
X=y—2 €4 Step 3: Makey the subject
xX+2=y
flx)= 7x+2 ) Step 4: Instead of y = write f ()=

Example 3:
Find the inverse function of f(x) = VvX+4

y =X+ 4 <—— Step 1: Write out the functionasy =...
X=,y+4 <«—— Step 2: Swap the xand y

XX=y+4 <+ Step 3: Makey the subject
X*—4=y

flx)= x*—4 < Step 4: Instead of y= write f'(x) =

RULES FOR FINDING THE INVERSE f “}(x):
Step 1: Write out the functionasy = ...
Step 2: Swap the xand y
Step 3: Make y the subject
Step 4: Instead of y= write f !(x) =

60



Exercise:

1.

Find the inverse function, f “1(x), of the following functions:

(@) f(x)= 3x—1 (b) f(x)= 2x+3
(©) f(x)=1-2x d) f(x)= ¥ +5
(e) f(x)= 6(4x—1) ) f(x) = 4—x
(@) f(x)= 3x*-2 () ()= 2(1-x)
D 0= —2 N
M 9= — 0 9= -"—

The function f is such that f(x) = 7x — 3
(@) Find f }(x).
(b) Solve the equation f ~1(x) = f(x).

The function f is such that f(x) = 8
X+2

(@) Find f (x).
(b) Solve the equation f “1(x) = f(x).

The function f is such that f(x) = L X £ —4.
X+4

Evaluate f 71(3). [Hint: First find f ~1(x) and then substitute for x = —3]

f(x):i, XeR, X#-3
X+3
(a) If f 1(x) =-S5, find the value of .

(b) Show that ff “1(x) = x

Functions f and g are such that
f(x)=3x+2 gx)=x2+1
Find an expression for (fg)'(x) [Hint: First find fg(x) ]
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4  Graphs

No doubt you will have plotted many graphs of functions such as y = x> — 3x + 4 by working out
the coordinates of points and plotting them on graph paper. But it is actually much more useful for
A Level mathematics (and beyond) to be able to sketch the graph of a function. It might sound less
challenging to be asked to draw a rough sketch than to plot an accurate graph, but in fact the
opposite is true. The point is that in order to draw a quick sketch you have to understand the basic
shape and some simple features of the graph, whereas to plot a graph you need very little
understanding. Many professional mathematicians do much of their basic thinking in terms of
shapes of graphs, and you will be more in control of your work, and understand it better, if you
can do this too.
When you sketch a graph you are not looking for exact coordinates or scales. You are simply
conveying the essential features:

e the basic shape

e where the graph hits the axes

e what happens towards the edges of your graph
The actual scale of the graph is irrelevant. For instance, it doesn’t matter what the y-
coordinates are.

4.1 Straight line graphs

| am sure that you are very familiar with the equation of a straight line in the form y = mx + c,
and you have probably practised converting to and from the forms

ax+by+k=0 or ax + by =k,

usually with a, b and k are integers. You need to be fluent in moving from one form to the
other. The first step is usually to get rid of fractions by multiplying both sides by a common
denominator.

Example 1 ~ Write y=2x-2 in the form ax + by + k=0, where a, b and k are integers.

Solution Multiply both sides by 5: 5y =3x-10
Subtract 5y from both sides: 0 =3x -5y - 10
or 3x-5y-10=0

In the first line it is a very common mistake to forget to multiply the 2 by 5.
It is a bit easier to get everything on the right instead of on the left of the equals sign, and this
reduces the risk of making sign errors.

In plotting or sketching lines whose equations are written in the form ax + by =k, it is useful
to use the cover-up rule:
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Example 2  Draw the graph of 3x + 4y = 24.

y
Solution Put your finger over the “3x”. You see “4y = 24",
This means that the line hits the y-axis at (0, 6). N (0, 6)
Repeat for the “4y”. You see “3x = 24”.
This means that the line hits the x-axis at (8, 0).
[NB: not the point (8, 6)!]
Mark these points in on the axes.
You can now draw the graph. (8, 0)
1 Rearrange the following in the form ax + by + ¢ = 0 or ax + by = ¢ as convenient,
where a, b and c are integers and a > 0.
@ y=3x-2 (b) y=3x+3
(©  y=-2x+3 @  y=%x-3
() y=-34x+3 (f) y=4x-%
2 Rearrange the following in the form y = mx + c. Hence find the gradient and the
y-intercept of each line.
@ 2x+y=38 (b) 4x—-y+9=0
(c) X+ 5y =10 (d) Xx—3y=15
(e) 2x+3y+12=0 (f 5x—2y =20
(9) 3x+5y=17 (h) 7x—4y+18=0
3 Sketch the following lines. Show on your sketches the coordinates of the intercepts of
each line with the x-axis and with the y-axis.
@) 2Xx+y =38 (b) X+ 5y =10
(c) 2x + 3y =12 (d) 3x + 5y =30
(e) 3x—2y=12 (f 4x+5y+20=0
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4.2 Basic shapes of curved graphs

You need to know the names of standard types of expressions, and the graphs associated with
them.

@ The graph of a quadratic function (e.g. y = 2x? + 3x + 4) is a parabola:

RAVAVe

e Parabolas are symmetric about a vertical line.
e They are not U-shaped, so the sides never reach the vertical. Neither do they dip outwards at

the ends.

These are wrong: | |

(b)  The graph of a cubic function (e.g. y = 2x3 — 3x? + 4x — 5) has no particular name; it’s
usually referred to simply as a cubic graph. It can take several possible shapes:

Version 1 64 © OCR 2017
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(c) The graph of y = a number is a hyperbola:
X

The graph of a hyperbola gets closer and closer to the axes without ever actually touching
them. This is called asymptotic behaviour, and the axes are referred to as the asymptotes of
this graph.

(d)  Thegraphof y= a number

5 is similar (but not identical) to a hyperbola to the right
X

but is in a different quadrant to the left:

g

\
(e) Graphs of higher even powers (f Graphs of higher odd powers
y = x*(y = x® etc. are similar): y =x° (y = x’ etc. are similar):

U
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Which way up? This is determined by the sign of the highest power.

If the sign is positive, the right-hand side is (eventually) above the x-axis.

This is because for big values of x the highest power dominates the expression.
(1f x = 1000, x® is bigger than 50x?).

Examples y=x*-3x-1 y=10-x

\ /'

These are often referred to (informally!) as happy and sad parabolas respectively © ® .

y=x2-3x-2 y=2-X—x

~ow
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Sketch (do not plot) the general shape of the graphs of the following curves.
Axes are not required but can be included in the questions marked with an asterix.

1 y=x>-3x+2 2 y=-x>+5x+1
3 y=1-x? 4 y=(X-2)(x+4)
5 y=0@B-X)(2+X) 6 y=(1-x(-x
7 y:x3 8 y:—X3
9* y:§ 10* y=—E

X X
11 y=x-2)(x-3)(x +1) 12* y:i2

X

13 Sketch on the same axes the general shape of the graphs of y = x2? and y

14 Sketch on the same axes the general shape of the graphs of y = x3 and y
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4.3 Factors

Factors are crucial when curve-sketching.
They tell you where the curve meets the x-axis.
Do not multiply out brackets!

Example Sketch the graph of y = (x — 2)(x + 3).
Solution The graph is a positive (happy!) parabola

so start by drawing the correct shape
with a horizontal axis across it.

The factors tell you that it hits the x-axis
atx=-3and x = 2.

Mark these on your sketch:

and only now put in the y-axis, which is
clearly slightly nearer 2 than —3:

Note: the lowest point on the graph is \ ,
not on the y-axis. (Because the 3 2/
graph is symmetric, itisat x = —1.) ' ‘

Repeated factors

Suppose you want to sketch y = (x — 1)%(x + 2).
You know there is an intercept at x = -2.

At x = 1 the graph touches the axes, as if it were
the graph of y = (x — 1)? there.

fz 1 “ 1 2

[More precisely, it is very like y = 3(x — 1)? there. That is because, close to x = 1, the (x — 1)? factor
changes rapidly, while (x + 2) remains close to 3.]

Likewise, the graph of y = (x + 2)(x — 1)®
looks like y = (x — 1)3 close to x = 1.

[Again, more precisely, it is
very like y = 3(x — 1)3 there.]
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Sketch the curves in questions 1-21. Use a different diagram for each.
Show the x-coordinates of the intersections with the x-axis.

© N 01 W

11
13
15
17
19
21
22

23

24

25

26

27

y = x? 2
y=(X+2)(x—4) 4
y=(X+2)(3x-2) 6
y=-X(Xx-3) 8
y=@-x)(2+Xx) 10
y=x(x-1)(x+2) 12
y=(3-x)(2—x)(1-x) 14
y=(x—1)(x - 3)? 16
y=02-x)(x+1)3 18

y=—(x+3)(x+2)(x—1)(x—4) 20
y=(x-1)(x-2)(x-3)°

(a)
(b)
(©)

(a)
(b)

(a)

(b)

(a)

(b)

(a)
(b)

(a)
(b)

Sketch the graph of y = x2.
Sketch y = 2x? on the same axes.

Sketch y = x2 + 1 on the same axes.

Sketch the graph of y = Vx.

Sketch y = 2+x on the same axes.

Sketch the graph of y = 1 :
X

Sketch y = 1 +1 on the same axes.
X

Sketch the graph of y = iz :
X

Sketch y = % on the same axes.
X

Sketch the graph of y = x3.
Sketch y = 2x3 on the same axes.

Sketch the graph of y = x*.
Sketch y = 3x* on the same axes.
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y=(x-1)(x-3)

y =X(x-3)

y = X(4x + 3)
y=0@2-x)(x+1)
y=X+2)(x-1)(x-4)
y=-x(x-1)(x+2)
y=(x—1)%(x-3)
y=(x+1)°
y=x+1x+2)x-1)(x-2)
y = (x—2)%(x +2)?



(@)  Sketch the graph of y = x3 — 4x.
[Hint: It cuts the x-axis at —2, 0 and 2.]
(b)  Sketchy = 2x3— 8x on the same axes.

(@)  Sketch the graph of y = x* — x2.
[Hint: It cuts the x-axis at 1 and —1, and touches the axis at 0.]
(b)  Sketchy = —x*+ x? on the same axes.

Sketch, on separate axes, the following graphs. Show the x-coordinates of the intersections with
the x-axis.

(@ y=4-x

(b) y=Kx-2)(x+1)
() y=-Kx-2)(x+1)
(d) y=x(x+4)

() y=(x-2)

() y=—(x+1)?

@ y=01-x2+Xx
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5 Trigonometry
The following two aspects are worth emphasising at this stage.

Trigonometric Equations

You can of course get one solution to an equation such as sin x = —0.5 from your calculator. But what about
others?

Example1  Solve the equation sin x° = —0.5 for 0 < x < 360.
Solution The calculator gives sin"}(0.5) = -30.
This is usually called the principal value of the function sin2.
To get a second solution you can either use a graph or a standard rule.

Method 1: Use the graph of y = sin x
By drawing the line y = -0.5 on the same set of axes as the graph of the sine curve, points of
intersection can be identified in the range
0 <x < 360.

\ | ] | — | e y=-05

x =-30° X =210° x =330°

Method 2: Use an algebraic rule.
To find the second solution you use sin (180 — x)° =sin x°
tan (180 + x)° = tan x°
cos (360 — x)° = cos x°.
Any further solutions are obtained by adding or subtracting 360 from the principal value or
the second solution.
In this example the principal solution is —30°.
Therefore, as this equation involves sine, the second solution is:
180 — (—30)° = 210°
—30° is not in the required range, so add 360 to get:
360 + (-30) = 330°.
Hence the required solutions are 210° or 330°.
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You should decide which method you prefer. The corresponding graphs for cos x and tan x are shown
below.

-180 60 9 180 0 360

y = COS X

1 l 1 1
-180 -920 g 90 80 270 0

y = tan x

To solve equations of the form y = sin (kx), you will expect to get 2k solutions in any interval of 360°. You
can think of compressing the graphs, or of using a wider initial range.
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Exercise

1

Solve the following equations for 0 < x < 360. Give your answers to the nearest 0.1°.
(@) sinx°=0.9 (b) cosx°=0.6 (c) tan x° =2
(d) sinx°=-0.4 (e) cos x°=-0.5 (f) tan x° =-3

Solve the following equations for —180 < x < 180. Give your answers to the nearest 0.1°.

@ sinx°=0.9 (b) cosx°=0.6 (c) tan x° =2
(d sinx°=-04 (e) cosx°=-0.5 (f) tan x° =-3
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Practice Booklet Test

You may NOT use a calculator

1.

10.

11.

12.

Expand and simplify
(@ (2x+3)(2x-1) (b) (a+3)? (€) 4x(3x—2) —x(2x +5)

Factorise
(@ x>—7x  (b) y¥’—64 (c) 2x*+5x—3 (d) 6t2—13t+5

Simplify
4x%y 3x+2 4x-1 2 4
@ 8x2y? (®) 3 6 © x=2 + x+3

Solve the following equations

€)] %+%:4 (b) x*—8x=0 (c) p?+4p=12

If 22%+1 x 4x+1 = 8x+2 find the value of x.

a) Solve the simultaneous equations 3x-5y=-11
S5x—-2y= 7

b) Solve the simultaneous equations x?+y?=25
x+y=-1

Rearrange the following equations to make x the subject

(@) v2=u?+2ax (b) V= %nxzh (c) y= x+2
x+1

Solve 5x2—x—1 =0 giving your solutions in surd form

Find the values of x which satisfy the following inequalities
(@5x—2<6 (b)4—2x>9 (c)x?—6x—16>0

Given f(x) = 7x — 2 and g(x) = 2x% + 5x — 1, find
@ f(3) (b) g(3) ©g(-4 () f9(-2)

Simplify

@VIEXV75  (b) V54 + 27 3-v2 1-v2

5
OF O O35

Solve for —360° < 6 < 360°
(@) singd = 0.2 (b) cos@ = —-0.35 (c)tanf = 12.6
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Solutions to the Exercises

1 Fractions

13
1) P

7
Z)E

7
3) To

2.1 Expanding Brackets
ExXA

1) 28x+ 35

2) -15x + 21

3) -Ta+4

ExB
1) ¥ —2x+1
2) 9x? + 30x + 25

2.2 Linear Equations
ExA

1) 7 2) 3

1) 2.4

4 =
5 3=
6 6-—

4) 6y + 3y?
5) -4x -4
6) 7x—1

3) 49x% - 28x + 4

4) X2 -4

3) 1%

2) 5

2.3 Equations Containing Fractions

1) 7
2) 15

2.5 Linear Inequalities
Dx < 4
2)y > 21

3) 24/7
4) 35/3

x <1
4)y =8

2.6 Simultaneous Equations

1) x=1,y=3
2) x=-3,y=1

3) x=0,y=-2
4) x=3,y=1

75

7 32 10) 81
40 2
8) 2> 1) 12
12 77
1 5
9) 45 12) 1 5
7) X*+5X+6 10) 4x2 +4x - 24
8) 2—-7t-10 11) 4y -1

9) 6x% + xy — 12y? 12) 12 + 17x — 5%

5) 9x% -1

6) 25y -9

4) 2 _3 _7
) B) —= 6) —3

3) 1 4) Y

5) 3 7) 9/5

6) 2 8) 5

5 x> -3 x> -2

6)y < —4 ’
y 8)y < —5.25

5) a=7, b=-2

6) p=11/3, q=4/3



2.7 Factorising Linear Expressions

1) x(3+y)
2) 2xX(2x-y)
3) pq(a—p)

4) 3q(p - 30)
5) 2x3(x - 3)
6) 4a’b?(2a%—3b?)

2.8 Factorising Quadratic Expressions

1) x-3)(x+2)
2) (x+8)(x—2)
3) (2x+1(x+2)
4) x(2x - 3)

5) (3x-1)(x+2)

2.9 Completing the Square

1@ (x+4)y°+3
(d (x-22-7
2@ 3(x+1)2+4
3(@ (2x+3)%*+5

6) 2y +3)(y+7)
7) (Ty-3)(y-1)
8) 5(2x —3)(x + 2)
9) (2x +5)(2x —5)
10) (x—3)(x—y)

(0) (x—5?2-2

€  (x—1%)>?— Y
() 5(x-2)?-3
(b) (3x-2?-5

2.10 Solving Quadratic Equations

1) (a) -1, -2

2) (@ 0,-3

3) (a) -1/2,4/3

4) (a) -5.30, -1.70
(d) no solutions

(b) -1, 4

(b) 0,4

(b) 0.5, 2.5

(b) 1.07, -0.699
(e) no solutions

2.11 Changing the Subject of a Formula

Ex A

2) x=4y-5
Vv
3 t=+ [
) zh
P%g
4) t=
2
3a+2k
2) x= 3)
) k-3
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3) x=3(4y+2)

7) (y-1)(5y+3)

11) 4(x-2)(x—1)

12) (4m—9n)(4m + 9n)
13) y(2y - 3(a)(2y + 3(a)
14) 2(4x + 5)(x —4)

(©) (x+1)>-5

() (X — 2%2)% — 12Y,
() 2(x+2%)?’+%
(c) (4x+5)2-3

(c) -5,3
(c) 2,-2

(c) -1.20, 1.45
f) no solutions

5) :9y+20
12
5)t:v—@
w
r—a
6) t=1,|—
) b
2 xo
b-a



2.12 Indices
ExXA
1) 5b°
2) 6¢’

ExB
1) 2
2) 3
3) 1/3

2.13 Surds
Ex A

1) 5v2
2) 6v2

ExB
1) V21
2) 20v/10
3) 18v2

ExC
1) V3++7
2) 92
3) 5V6

Ex D

=

V2
3.) 7

3v5
b) —

c) 2v5

a) V2+1
b) V6 + 2
c) 2(§7-2)

3) bic
4) -12n®

4) 1/25
5) 1
6) 1/7

4) 72
5) 8vV3
6) V5

5) 4n®
6) d?

79
8) 9/4
9) Y

3) 3V3
4) 45

4) 6v/6
5)=
6) 6

57
14

V6
E)?

f) vio

d)

d) 13-5)
e) V6+5
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7) &

8) _d12

10) 0.2 13) 6al
11) 4/9 14) x
12) 64 15) xy?

5) 6V10
6) 10V3

7) 7 +6V2
8) 5V2 — 40 — /6 + 83

7) V2 10) 6v2 + /3
8) 7V3
9) 3v2+ 310

9) 4\/§;m/ﬁ

h) 3v2+ 445

.. 6v5-5

) .




2.14 Algebraic Fractions
3X+5

(b)

! @ (x=D(x+3)
(@ X (e)
X+2
6x—-1
©) 4(2x-1)(2x+1)
2x+1
2
(@ 7%

(b)

X+7 © X+3
(x=3)(x+2) (2x-1)(3x+2)
2X-3 %) _x+3
x-1 X+1
3Xx+3 ©) 2X-2
JX+3 Ix—2

2.15 Linear and Quadratic Simultaneous Equations

(2,4),3 1)
(6,-3), (7, 0)
1,-1),(-1,0
1,2),(-1,-2
(21 71)1 (_& =

25 25

(7,4). 8 1)

o O WN -

7
8
9
10
11

(-5, 4), (%, -%) 12
-1, 1), (5, -%) 13
(2,1),(+,4) 14

99 15
(3,6), (5, % 16

2,1, (-3 -%

2.16 Expanding More Than Two Binomials

1. (@) x3+10x%+29x + 20
() 23— 11x*+18x—9
(e) 30x3+49x2—61x + 10
(g) 3x3+17x2—8x—112

(i) 8x*—22x3—3x%+22x—5

3x3 + 16x% + 28x + 20
83+ 12x¢—2x — 3

2.17 Quadratic Inequalities
1. (@ 6<x<-3
(c) x<—Tor x>2

3
e) = <x<4
(e) >
(9) x<-3 or x>5

. 2
1) x<0 or x> %
(1) =

2. Proof

3. X2 — 5x% — 8x + 48

4, 81x* — 108x3 + 54x% — 12x + 1
5. A=-27 B=-46

6. A=4 B=-18 C=-17.
7. Proof

8.

9.

(b) 6x3+ 71x% + 191x + 56

(d) 6x3—11x%—42x + 80

(f) 32x3+112x>—2x—7

(h) 24x3—4x>—14x+5

() x*+6x3—11x%—60x + 100

(b) 4<x<5
(d) x<0 or x>5
1
—S<x< =
() 5

-
h) ——<x<3
(h) >

() x<=5 or x>7

78

(-1,-2), (%, -%

£.4) (-2, -%)
(2, -2) (only)
(6, -5) (only)
(6,1), (%, %
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2. @ {x:
(c) {x:

(e) {x:

(@) {x:

(i) {x:0<x<5}

X<2 or X=6

{x:x<-3, x=5}

o. —2<x<-1 and 2<x<3
1 4

6. {x:-2<x<3}

1<x<3}
X<-8, x>6}

3
X< =, x>4
> ¥

lSXSZ}
4 2

B w

(b) {x: -7<x<6}
(d) {x:x<-5, xz%}

) {x:x<-8 x=>2}%

(h) {x: x<-4, x>8}
() {x: x<-6, x>-4}%

2.18 Using Completing the Square to Find Turning Points

1. @ (4,4
() (2,-10)
() (319
2. (@ y=x2—-4x+1
() y=x2+2x+6
(&) y=x2-2x—-6
3. (a) minimum (-2, —2)

(c) maximum (1, —2)
(e) minimum (1.5, =3.25)
4. (i) a=15 b=575
(if) (1.5,5.75)
5. () [ v ()
10
G 1)
> X
(i)

6. Minimum point is (1, —4)
Cuts y-axis at —1, thus A—4=-1
A=3 y=3x*—-23)x+3—-4
y=3x2—6x—1

7. y=-—2x2—8x—13
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(b) (5,-26)

(d) (3,-10)

® (1,06

(b) y=x*+8x+17
(d) y=x*-6x-3

(f) y=x2—8x+15
(b) maximum (-3, 10)
(d) minimum (4, —8)
() maximum (-2, 3)

It has 2 real roots as if you move the graph 3 down it will cut the x-axis twice
as the minimum point will be (3, —2)

thus y=AX—1)?—4=Ax*>—2Ax+A—4



3.1 Function Notation

1. (@ 17 (b) 37
(d) -8 (e) —0.5

2. (@ 12 (b) 32
(d) 32 (e) —3.96

3. (@ 1 (b) -3
(d)-1 (e) 1.256

4. (a) 5 (b) V7
(d) 3 (e) @

5. 3x% + 10x

6. @ f(-1)=—-8andg(2)=9

7. (@ f(—3)=17andg(-5)=-23

3.2 Composite Functions

1. (@ 4— 2x (b) 8x+7
2. @ 7— 2x (b) 8x+7
3. @ -1 (b) a=3
4. (@(@) (5+x)? (i) 5+x2
5. 3(x*+4)-1=(3x—-1)2+4

3 +12-1=9x—6x+1+4
X2+ 11=9x2—6Xx+5

6x2—6x—-6=0
X2—-x-1=0
6. x:§
2
1 1 1 1-x x-1
7. a = = = =
@ g(l—xj 1-4 22 —x X

8. x=1landx=8

80

(c) —18
(f) 3.5
(c) O

(f) —3.19
(c) -7
(f) —5.375
(c) 3

(f) 22

(b) x=-6

(b) x:—% andx =3

() w1

(c) —-1

(b) x=-2

(b) 3

(d) 2(x + 3)°

d) 2x2+3



3.3 Inverse Functions

X+1 X—3 1-x
1. a) —— by —— c) ——
@ = () = © =
X+6 X+2
e) —— 4-X +. |[—=
(e) 24 (f) (9) 3
L 2-X L 2X+1
() — ()
X x-1
2. (@ XT” (b) x=05
3. @ —-2 (b) x=—4andx=2
PR
3
5 3x = = 2
5. @ 5 (b) f( j= PRl = ke
2 1-x) X +3 3 13’_(1 ) 333
6. Xx-5
3
4.1 Straight Line Graphs
1 @ 3X-y=2 (b) X—-2y+6=0
(c) 3x+4y =12 (d) 14x —4y =5
(e) 8x+12y=9 (f 12x — 21y =14
2 (@ y=-2x+8;,-2,8 (b) y=4x+9;4,9
©  y=-ix+2;-3,2 (d) y=ix-5;i,-5
€ y=-%x-4;-%,-4 ()  y=$x-10;%,-10
@  y=-ix+¥;-3.% () y=Ix+% 1.8
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(a)

(©)

(€)

(b)
y y
A A
8
2
| - 0 | -
» X
(d)
y y
A Ar
6
4
10
» X —» X
y
A
) (f) & > X
» X
—4
-6
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4.2 Basic Shape of Curved Graphs

1

10

11

12
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13

1

red:y=x*  blue:y=x*
4.3 Factors
1
| /
2 4
5 /
-2 %
.

14 ot

red:y=x%®  blue:y=x°

2

Fan) 1 3

1 \_/
4

o 3
6
%, 20
8
1 2
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10 /




19

21

22

23

24

20

Pan

/ [In this graph in particular, do NOT worry about the y-
coordinates of the minimum points.]

red: y = x2
blue: y = 2x?
purple:y =x2+1

red: y = \x
blue: y = 2Vx

\ red: y:l
X

blue: y:£+1
X

\ blue dotted: y = 1 [horizontal asymptote]

3
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25

26

27

28

29

h

1/

Fa
W1/

red: y = x3
blue: y = 2x3

red: y = x*
blue:y = 3x*

red: y = x3 — 4x
blue: y = 2x3 — 8x

red:y = x* - x?
blue: y = —x* + x?
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30 (a) \ (b)
1’

A

(©) (d)

€1/

. ]

(e) (f)
\/ N

i 2
9) \
R

1
/
(7

T35
T

o

! Fa
! ]

2 1

NOTE: in parts (b), (c) and (g) in particular, the maximum or minimum point is not on the  y-axis.

5 Trigonometry

1 (3 6421158 (b) 53.1,3069 () 63.4,243.4
(d) 203.6,336.4 (¢) 120,240 ()  108.4,288.4

2 (3 6421158 () 531,531 () 63.4,-116.6
(d) -23.6,-156.4 ()  120,-120 (f)  —71.5,108.4
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Solutions to the Practice Booklet Test

1) (a) 4x*+4x-3 (b) a®>+6a+9 (c) 10x? -13x
2) (a) x(x-7) (b) (y+8)(y-8) (€) (2x-1)(x+3) (d) (3t- 5)(2t—-1)

X 10x+3 6x—2
3) (a) 2y? (b) 6 (©) (x=2)(x+3)
4) (@) h=5 (b) x=0o0rx=8 (c) p=-6orp=2
5 x=3
6) (@ x=3,y=4 (b)x=—4.y=3andx =3,y =—4

vi —u? V _2-y
7) (& x= a (b) Xz\/% (c) X_y—l
8) x= 121
~ 10

9) (aA)x<16 (b) x<-2.5 (c)x <-2o0rx>8
10) (a) 19 (b) 32 () 11 (d) -23
11) (a) 15V6 (b) 93 ©) %7 (d) 3‘/622‘@ (€) 5_:ﬁ
12) (a) 8 = —348.5,—191.5,11.5,168.5 (b) 6 = +110.5, +249.5

(C) 6 = —274.5,—94.5,85.5,265.5
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